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synopsis 


/Following the celebrated We ierstr ass approximation 
theorem much of the classical work in Approximation Theory 
concentrated around best approximation by algebraic and 
trigonometric polynomials, rational functions and entire 
functions of exponential type/ Theorems of Jackson, Bernstein 
and Zygmund type (latanson (1964) and Tinian (1966)) charac- 
terized structural properties of functions in terms of their 
degree of approximation. Such results were obtained both for 
continuous functions (in sup-norms) and for functions in 
Lebesgue spaces (in L^-norms, 1 < p < °°). The results which 
determine structural characteristics of. functions from their 
degree of approximation (inverse theorems) mostly mad.e use of 
Bernstein type inequalities alongwith a telescoping argument; 
while those which infer the degree of approximation from given 
structural characteristics of functions (direct theorems) 
depended on certain linear methods of approximation in their 
proofs. This, alongwith the studies on Fourier series 
(Zygmund (1968)), Summability theory and polynomial inter- 
polation, motivated a separate study of linear approximation 
methods* The fact that the best approximation operators (in 
sup- and 1 -norms, p ^ 2) turn out to be non-linear and hence 

ir 

not so easy to construct seems to be another important reason 
for the study of linear operators in approximation theory. 



(ii) 


An important class of linear operators which has been 
studied quite extensively from the point of view of approximate 
theory consists of convolutions, both on the real line and on 
the circle group. Some particular operators of this type 
e.g., the Gauss— We ierstr ass integrals led to a study of more 
general operators of integral type i.e., those defined through 
an expression of the form 

L n (f,t) = / K n (t,u)f(u)4u, 

J 

the integral being in the Lebesgue sense. Also, operators 
such as the Bernstein polynomials (originally intended to 
furnish an extremely elegant proof of the Weierstrass theorem) 
gave rise to several other classes of operators of summation 
type. Ihese operators of summation type are defined by 
expressions of the type 

Ln(f> x ) ~ a n,k*' X ^ :i "( x k:,n^ , 

where the index set I is a finite or infinite subset of the 
set of natural numbers. If, in the definition of integral 
type operators, we allow integration in the lebesgue-Stieltjes j 
sense, the summation type operators may also be expressed in j 
a similar form as the operators of integral type. 

Most of the classical linear operators viz., Gauss- 
Weier stress integrals, Pejer operators, Jackson operators, de 
la Vallee Poussin operators and Bernstein polynomials are lineal 


(iii) 


positive operators. Regarding the convergence of linear 
positive operators an astonishingly simple set of necessary 
and sufficient conditions was given by Bohman (1952) and 
Korovkin (1953 ). Following them, rates of convergence and 
inverse and saturation theorems with respect to sup-norm, for 

particular sequences of linear positive operators have been 
.extensively studied. 

Several of the well-known integral type operators may 
also be used to approximate functions in L^-norms (1 < p < °°). 
However, for obvious reasons summation type operators as such 
are not 1 -approximation methods. Nevertheless, several 

Jr 

linear positive operators of summation type have been approp- 
riately modified to become 1^-approximation method, The 
underlying idea behind such a modification is to replace, in 
the expression for the operator, the function value at a nodal 
point by an average value (in the sense of integration) of the 
function in an appropriate neighborhood of the point, The 
first such modification was made by Kantorovitch (1930) for 
the case of Bernstein polynomials, fhus with the Bernstein 
polynomials B n (f,t) given by 

B n (f,t) = J p nv (t) £<3),(p nv (t) = (”) t V (l-tf-t, 

the modified p olynomials P ( f ,t ) are defined by 

n (v + l)/(nf l) 

P n( f ’t) = 2 p (t) (nfl) / f(u) du. 

z v=0 11 v/(n*-l) 



Approximation by Bernste in-Kantorovitch polynomials 

in L -norms (1 < p < °°) has been studied by Lorentz (1932), 

.P 

Butzer (1952), Hoeffding (1971), Bojanic and Shisha (1975), 
Ditzian and May (1976), Grundmann (1976), Muller (1976), 

Maier (1978), Riemenschneider (1978), May (1979) and Becker 

and Nessel (1979 and 1980). A more detailed description of 

these works will be given in the first chapter of the thesis. 

These works establish that the optimal rate of convergence for 

the Bernste in-Kantorovitch polynomials in L -norms is 0(n ), 

.P 

which is also the optimal rate of convergence for the corres- 
ponding original operators with respect to the sup-norm. 

More generally, even though the linear positive 
operators are conceptually simpler, easier to construct and 
study, they lack in the rapidity of convergence for sufficiently 
smooth functions. In the same context a well-known theorem of 
Korovkin (i960) states that the optimal rate of convergence for | 

any sequence of linear positive polynomial operators is at most 

-2 

0(n ). Thus, If we want to have a better order of approximatio 

for smoother functions we have to slacken the positivity 
condition. However, as no general constructional guidelines 
are available for producing fast analytic approximation methods ; 
of a given type, it seems best to start with an appropriate 
sequence of linear positive operators and then to modify it 
so as to suit the desired requirements/ Three such methods 
which have been proposed in the literature are : 



(a) taking appropriate linear combinations of linear 
positive operators (Butzer (1953), Rathore (1973) 
and May (1976)); 

(b) multiplying the kernel of an integral type linear 
positive operator by a suitable factor so as to 
produce appropriate finite oscillations (Stark 197G 
and 1972) and Hoff (1970 and 1974)); and 

(c) using appropriate linear combinations of iterates 
of linear positive operators (Micchelli (1973), 

Agrawal ( 1979 )^_Bleimann, Jungeburth and Stark (1979)) 

It may toe noted that the methods (a), (b ) and (c) in 
the available literature have been studied only with respect to 
the sup-norms. In this thesis the problems that we study are 

with respe'ct to the 1 -norms and these are : 

P 

(1) Direct, inverse and saturation theorems for linear 
combinations of certain sequences of linear positive 
operators in 1^-norms (1 < p < °°); and 

(2) The possibility of utilizing the classical Newton 
interpolation polynomials to modify certain sequences 
of linear positive operators to enhance the rate of 
approximation in L -norms (1 < p < °°) and then to 

Jr 

study the direct, inverse and saturation theorems for 
the modified sequences in L -norms. 

Jr 



This proposed, modification is done as follows. Let 
£L n ) he a sequence of linear positive operators. Then with 

4-1/2 f (u) = ^ f(u + 

the modified operators L (f,t) of the first type are recursively 

jLi j m M 

defined by 

I n f0 ( f » t ) = 

m/2 m-i i 

+ - mr ^_ 1 / 2 f(u),t) , 

where m is a positive integer. 

These modifications are appropriate for functions which 
are defined over a bounded interval of the real line. Lor the 
case of an unbounded interval, however, one of the appropriate 
modifications is to recursively define 

L n>0 (f,t)=L n ( 

1 + 1 u-t j 0 

L n,m (f ’ t} = L 


where the order m of the modification L (f,t) is allowed to beat- 

XI y Jli 

most where m Q is a positive integer. These modifications 
are termed as those of the second type. 


(f »t) 


n,m-l 


n m/ 2 

+ “mf'^n 


m-1 


( 71 (t-U - ^/g ) ) 


J=0 .. 

1+ ( u-t 


n 

S 0 +2 


m 


n 


• 1/2 


f (u),t ) , 


/' 





The sequences of operators whicn are studied in the 
thesis under both the categories (1) and (2) are those of the 
Bernste in-Kantorovitch polynomials P n ( *,t) and the operators 
S n (.,t) of exponential type introduced by May (1976). 

The thesis is divided into five chapters, I-V. Throughout 
it the usual linear combinations of order k of Bernstein— 
Kantorovitch polynomials have been denoted by P n («jh,t), 

while those of the exponential type operators S n (.,t) by 
S n (»,k,t). The interpolatory modifications P n m (.,t) of P n (.,t) 
studied in this thesis are of the first type, and the considered 
interpolatory modifications S„ m («,t) of S„(*,t) are of the 

XI y III XX 

second type, m denoting the order in either case. The direct, 
inverse and saturation theorems obtained in this thesis are 
local in nature. Thus these are in the set up of contracting 
intervals. 

A chap ter wise summary of the thesis is as follows : 

Chapter I : is of introductory nature containing basic 
definitions, results and tools for later analysis. In Section 1 
we' discuss finite differences and Newton's interpolation formula i 

and generalize a certain variational lemma of Lorentz (1966). j 

| 

Section 2 contains some classical results on Lp-spaces including j 
the classical Riesz-Thorin interpolation theorem. Section 3 is : 
a discussion of Steklov means and integral moduli! of smoothness j 
and contains the proofs of some of their interrelations and 
properties in the context of 1 -f unctions. Section 4 contains 



(viii) 


some estimates of Sikkema and Rat bore (1976) on a sequence of 
convolution operators generated by powers of bell shaped functions. 
These are subsequently to be used in Chapter II for obtaining 
bounds of adjoint moments of Bernste in-Kantorovitch polynomials. 
Sections 5 and 6 contain formal definitions of Bernste in- 
Kantorovitch polynomials, regular exponential type operators, 
their linear combinations and their interpolatory modifications, 
in the respective cases, of the first and the second types. She 
last two Sections contain some basic results and a brief review 
of the earlier work on these operators. 

Chapter II j is a study of the L -approximation (1 < p < °°) 

ir 

by linear combinations of Bernste in-Kantorovitch polynomials. It 
is first shown in Section l that the duals of the Bernstein- 
K a ntorovitch polynomials constitute an L -approximating sequence. 

ir 

Next some bounds for the moments of these dual operators are 

obtained. In Section 2 it is shown that for sufficiently smooth 

functions the linear combinations of Bernste in-Kantorovitch 

polynomials have a faster rate of convergence in -approximation 

than that of the Bernstein-Kantorovitch polynomials themselves. 

In this connection some general bounds for the error in L - ! 

P I 

approximation by linear combinations of Bernstein-Kantorovitch j 

polynomials are obtained. The first of these is in terms of 
the L — norms of derivatives of the function. Here the proof 

ir : 

in the case p > 1 is made to depend on the Hardy-Littlewood 
majorant function. The second error bound is expressed, in terms : 



^ -US. J 


of a higher order integral modulus of smoothness and the proof 
relies on some properties of Steklov means. Sections 3 and 4 
are devoted to inverse and saturation theorems. The Bernstein 
type inequalities required in the proof of the inverse theorem 
are obtained through a use of Riesz-Thorin interpolation theorem, 
whereas for similar results in Chapter IY and V we adopt a more 
direct method,. 

Chapter III; is a study of the interp olatory modifications 
P„ m (.,t) of Bernste in-Kantorovitch polynomials. In Section 1 it 
is shown that { P^ m (.,t) } is an -approximating sequence 
(1 < p < “). In Section 2 it is shown that a bound for the error 
in Lp-approximation by P n m (*,t) is obtainable essentially in 
terms of the (nB-l)th derivative of the function. The last two 
sections contain inverse and saturation theorems. In contrast 
with the saturation order 0(n - ( ic+: ^ ) for P (•,k,t), the saturation 
order for P (.,t) is Moreover, for the inter- 

XL y ILL 

p olatory modifications P^ m ( • ,t ) the trivial class turns out to 
be much simpler and it consists of the set of functions which are ; 
locally polynomials of degree m. 

Chapter IY j studies 1 -approximation (1 < p < by 

ir 

linear combinations S n (*,k,t) of regular exponential type operator 
the corresponding sup-norm study of which was made by May (1976 ). ; 
The first result of this chapter is that under the regularity 
assumptions { S n («,t) j- also becomes an L - approximation (l<p < ° 

XT 

sequence. This is proved in Section 1, Bollowing this in 



Section 2 L^-error estimates of two types viz., one involving 
the L -norms of derivatives of function and the other in terms 

ir 

of the (2k+2)th integral modulus of smoothness of the function 
are obtained, ihe inverse theorem for S n (*,k,t) is proved in 
Section 3. ihe saturation theorem is proved in Section 4 and 
here a use of an asymptotic formula for the duals of regular 
exponential type operators (Agrawal (1979)) makes the proof of 
the saturation theorem rather simple. 

Chapter V : this last chapter is a study of the second 
type interp olatory modifications S ( - ,t ) of regular exponential 

li j HI 

type operators. In Section 1 it is shown that £ S (*,t)} 
constitutes an approximating sequence, where 1 < p < In 
Section 2 the -error estimates (1 < p < °°) involving norms of 
derivatives and those in terms of the (nH-l)th integral modulus 
of smoothness of a function are obtained, Tne last two sections 
are devoted to the proofs of inverse and saturation theorems for 
S (*,t). Here it seems wort hmentioning that the proof of the 

XI y lii 

saturation theorem for S„ (*,t) reveals an interesting fact 

XI 2 XXX 

about the regular exponential type operators. 3y definition 

B 

a(n) = / W(n,t,u) dt, 

A 

where W(n,t,u) is the kernel of the operators. In the case of 

the Gauss-V/eierstrass integrals and the Post-Widder operators, 

*1 

direct computations show that a(n) = (1 - , where a is the 

2 

coefficient of t in p(t), which by definition is a polynomial- 



of degree two given through 


|| (n,t,u) -- n ff(n,t,u). 

Iha t this is no coincidence follows as a corollary to the proof 
of the saturation theorem. Thus the relation a(n) = (1 - 
is valid for regular exponential type operators m general. 


2JP 



CHAPTER I 

SOME BASIC HESULTS AND PR^MIHARIES 

She main theme of this thesis is the study of L 

J? 

inverse and saturation tneorems for two categories of 
restructured sequences of linear positive operators which 
are (i) the usual linear combinations and (ii) an inter- 
polatory modification introduced in this thesis. In the 
available literature direct, inverse and saturation 
theorems are known only for the basic sequences of linear 
positive operators C [1 9 H » C l0 D » C 16 3> 1 18 U » C Z2 1 » 

C253, C29H, C323, Cs?3, C463, 

c 48-51 3 » Z 60 3 C 70 3 ) rather tnan their linear 

combinations etc. In this connection it will follow from the 

work of this thesis that the apparent difficulties with these 

theorems for linear combinations etc. could be avoided by a 

proper use of Steklov means. This may be regarded as the 

main idea of the work. As various proofs in this thesis draw 

upon various branches of analysis, this chapter contains 

several basic results from numerical Analysis, 1 -Spaces, Best 

P 

Approximations and other areas which will be used extensively 
throughout the subsequent chapters. Some of these results 
are Newton’s forward difference interpolation formula, error 
in this formula, Euler-Maclaurin sum formula, Riesz-lhor in 
interpolation theorem, properties of Hardy-lit tlewood major ant 



function, inverse theorem on best approximation by trigonometric 
polynomials etc, and some deductions from these results. Some 
of these results are stated in Sections 1 and 2. As Steklov 
means play a major role in the 1 -approximation of functions, 

x'' 

bounds for the derivatives of Steklov means in terms of a 
corresponding order modulus of smoothness of the function are 
obtained in Section 3. In Section 4 we state a lemma from £^64 f 
p.5^ regarding a class of bell-shaped functions, Ibis lemma 
is to be used in Chapter II to obtain an estimate of the 
adjoint moments of Bernste in-Kantorovitch polynomials. The 
linear combinations of linear positive operators have been 
defined in Section 5, In Section 6 we define interp olatory 
modifications of linear positive operators. In Sections 7 and 
8 we state in brief the work done on approximation using 
Bernste in-Kantorovitch polynomials and exponential type operators 

Throughout this thesis 3R, 3N and IT 0 denote the set 
of real numbers, positive integers and nonnegative integers 
respectively. 

1 . 1 NEWTON » S , FINITE p IFFEBENCES 

let f be a real valued function over 3R. The mth 
(m G 3N) forward difference of the function f at the point t, 
of step length 6, is defined as 

m 

f(t) = Z (“) (-l) m ~ 3 f(iH-3&). 

5 j=0 3 

As a convention we write f(t) = f(t). 



Similarly, the mth backward difference of the function f at 
the point t, of step length 6, is defined as 

m 

*(*) = 2 (?) f(t-36), 

6 3=0 3 

and we put f(t) = f(t). 


Using Newton's forward differences the polynomial p m (t) of 
degree m, which interpolates f at the points t^, i = 0,1, ,. ./a, 
is given by £ 13 , p. 88 3 

(1.1.1) p m (t) = S { ( n (t-t ± )) Ag f (t ) > , 

3=0 3! 6 3 i^=0 1 0 0 


3-1 

where 6 = t. ^-t^, i = 0,1,..., m-1 and n (t-t^) for 3 = 0 is 
interpreted as 1. 


If a function f is m +1 times differentiable, then by 
Lagr ange’s interpolation formula £31 , pp. 44 - 603 the 

difference in function f and the polynomial p m at the point t 
is given by 


( 1 . 1 . 2 ) 


f(t) 



f(®-l >(S) 

~r yt r*wk fc. \r mi 

(nH-l)l 


m 


( * 

i=0 


(t-t ± )). 


where % 6 (min {t.,t } , max {t.,t }). 
i i 

Adding ( 1 . 1 . 1 ) to ( 1 . 1 . 2 ) one obtains 

3-1 ' .. ^ A* w-1) 


m 3-I . x.(nM-l)/ r \ m 

( 1 . 1 . 3 ) f(t)= Z {■ A-*( n (t-t.)) a 3 f(t )>+i~ ..AV( n(t-t. 

3=0 3! 6 3 i=0 1 6 0 (DH-1)! i=0 1. 

As a particular case of ( 1 . 1 . 3 ) one obtains for f(y) = y c ( r eUtf) | 


and t = 0 



(1.1.4) 


*k 


(-l) m ( 11 t ± ),r = mfl, 

i=0 


m 


s < C" 1 ^. ( 5 /t. )a| > = { 

3=0 5! 6 3 i=0 1 6 0 


3=~ j. u o.-w 0 >r < nH . 1# 

We now prove a result which generalizes Lemma 3 of 
£42 , p. 107 £| • Shis is proved by using the fact that f(t) 

is a polynomial of degree m-1 if and only if A® f(t) = 0. 


Lemma, 1. jL.1. Let f(t) G 0£ a,b3 • If for each m times 
continuously differentiable function g which has a contact 
support contained in (a,b), there holds 

(1.1.5) / f(t) g (m \t) dt = 0, 

a 

then f(t) is a polynomial of degree m-1. 


Proof. In view of the above remark it is sufficient to 

“ ' H I 

show that for every sufficiently small 6 > 0, 


A m-1 - constant, t e £ a,b-(m-l)6 3 • 


Otherwise there exist 2m distinct and equidistant points t^ 
inside (a,b) such that 

- f fCV-^ 1 ) f(t m _ 1 >..+(-i) m - 1 f(t A ) ) > o, 

say. life choose a small d > 0 such that for every i(=l, 2, . . ,2m) 
the intervals (t £-6,^+6.) are disjoint and are contained in 
(a,b). Next we define a function h as follows : 

h^t^) = coefficient of f (t^) in (1.1.6) » 



h(t ± ± 6) = h(a) = h(b) = 0, 


and h(t) is linear between all these points. 

Then we define a function g as the mth iterated indefinite 
integral of h, 

t t 

i.e., g(t) = / ... / h(t) dt...dt, 

a a 

It follows from the above construction that g and its first m 

derivatives vanish at end points a and b. Moreover, 

supp g c ( a,b )« 
t^+6 

Since d” 1 / f(t) h(t) dt - 2f(t,) h(t,), as 6 -* 0, we 
t.-6 1 1 

1 b 

have by (1.1.6) that / f(t) h(t) dt > 0, which contradicts 

a 

the hypothesis. This completes the proof. 

The next lemma [[69 , p*107[] expresses mth forward 

difference of function in terms of mth derivative of the function, 

lemma 1_. 1.2. Let 1 < p < °° and f e Lp [[ a,b [] . If f has 
m derivatives, where fC 131-1 ) g a.C. [[a,b[J and f^ m ^ e lp[[a,b[]> 
then 

(1.1.7) f(t) = f ,*f f w (t+ 2 y i )dy 1 .,dy ,te ^ a,b-m6[] . 
w oo i=i x m 

1 i 2 1 -SAGES, AM) IMEEPOLATipi THEOBEMS 

Let 1 < p < °°, then L^ra.bl is defined as the class 
- p«- -* b 

of all complex valued functions f for which / Jf(x)j^ dx < °° r 

a 

where integration is taken in the Lebesgue sense. The norm 
inl p Ca,b3 is defined by ||f|| L [a^ = (/ l f ( X -)1 P dx ) 1//p » 

]D *“* £L 


and the functions eq.ual a.e. are identified, The space L m 
consists of complex valued measurable functions which are 
essentially bounded and is normed by 


•( | f | | L £ a ,b3 = iBf {M » l f ( x )| < M a.e. on Z a >~ b 2 } * 

She spaces A.C. L^bll and B.V. £a,b]] are defined as the 
classes of absolutely continuous functions over £ a,b[] and 
functions of bounded variation over respectively. The 

class of k times continuously differentiable functions on HR 

v 

which have a compact support is denoted by Q q . 

For f e L n C°» a 3> 1 < p < °°, the Hardy-Lit tie wood 

Jkr 

major ant of f is defined as 

(1.2,1) Hp(x ) = sup v- V / f ( t )dt , (0 < £ < a). 

Zfk * x - - 

She following lemma gives a L^-bound for the function 

Hp in terms of f. 


Lemma ,1.2.1. If 1 < p < °° and f e Lp£0,a3> then the 
Hardy-Lit tie wood majorant of f defined by (1.2.1) belongs to 

L pC °> a 3 a- 11 ' 1 


(1.2.2) 


Lp Co, a 3 


< sVp nrr ll f 


C °> a 3 


She lemma follows from £ 71 , p. 32^ and £68 * J?* 5 ~j* 


The next lemma gives a bound for the intermediate 
derivatives in terms of the highest derivative and the function 
in L -norm (1 < p < «>). The proofs are given in £53 » p.166 3 

ir 

and £ 28 , p.5£| . 



and 


lemma 1 . 2 . 2 . let 1 < p < °°, f g L } C:a,b3,f (k) eA.G.[:a,t| 
f (k+l) e l £a,b 3 . Tien 


(1.2.3) | |f(3)| 


_ r °j(ll f(k+1) l 

L p &»a 


_ _. + l | f I 1 v-T 

[a,g I> n [a*9 


3 = 1 , 2 ,. .,1c, where c. f s are certain constants depending only 

c J 

on 3 ,k,p,a and b. 

Next, we state the Riesz-Thorin interpolation theorem 
Q 54 , p . 231^jin a form which is convenient for our purposes. 


lemma 1.2.3. let T be a linear operator froml.£a,b3 
to itself for 3 = 1, If for each f in l.= 3a,b3» 

0 


If 


l.[;a,bj 


< 






where are finite constants, then 1 maps 1 ^ [a,bj ( 1 < p < °°) 

into itself and moreover, for each f G I* 

ir 


(1.8.4) l|Mj| < | f | 

L p[>> b ! 




, 1 1 
where — + — = 1 . 

P 1 

The following theorem of Alaoglu [J 27 , p. 424 3 will 

be used in the proofs of saturation theorems in which the space 
would be specialized to B.V. 3 a,b]J or 1 3a,b^j(l < p < °°)« 

lemma 1.2.4. let X be a Banach space and X* be its 
conjugate space. Then the closed unit sphere in X* is compact 
in the X-topology of X*. 



Lastly, we state a theorem £61 , p. 1023which tells 

that the integration by parts in Lebesgue-Stieltjes integral 
is possible under some restrictive conditions. 

Lemma 1.2.5, If f(x) and g(x) are two functions of 
bounded variation over 3a,b3» we 

b h a. 

(1.2.5) J f dg + / g df = f(b + )g(b + )-f(a“)g(a‘"), 
ci a 

provided that at each point of £a,b3 either one at least of 
the functions f and g is continuous, or both are regular. 

(A function f is called regular if f(x) = j| (f (x + )+f (x“)) for 
every x G [a,b]). 

2.3 INTEGRAL MODULUS CM SMOOTHNESS AMD S1EKL0V MEANS 

' * '« ■ t- -Wtnar.M - — m ■ i. m i ■/ 4 > ■ * a * r* % :.r — . x “ ■ .wr~w x l r ~ 

In this section we obtain estimates for derivatives 

of Steklov means of mth order in terms of a corresponding order 

integral modulus of smoothness of the function. Ear particular 

Values of m (= 2,3) these have been proved by Ditzian and 

May £25 , pp, 739 and 7463* Also, when the function is 

periodic and belongs to L a proof is given in Zygmund 3 71, 

P 

p. 1173 9 Achieser £l f p. 1733 and liman £69,p .1673. Next, 
from a given order estimate of the integral modulus of 
smoothness of order m we deduce smoothness properties of the 
function. We give two proofs of this* In the first proof 
we estimate a lower integral modulus of smoothness in terms 
of a higher order integral modulus of smoothness and then 
using a result on best approximation by trigonometric polynomials 



we complete the proof. The second proof employs a method of 
induction. 

For f 0 L F a,h3 where 1 < p < °°» the integral 

Jr 

modulus of smoothness of order m is defined as 


%( f * T »P.&,H)= sup ll 4 “f(^)|| _ . 

0<6< T L la,tw.m6j 

sr 

Let 1 < p < °°, f S L p [a,b] and c: (a,b). 

Then, for sufficiently small ^ > 0, the Steklov mean f of 
mth order corresponding to f is defined as follows t 

(1.3.1) f,,(«)=.- i / /2 ,./ /! (((»W-l)*' ll I f(<0) 

n » m -Ti/2 _n/2 ? 


I u. 
L=1 1 


x du 1# ..du^, ue Qa^b.^. 

Lemma 1.3.1. Let 1 <, p < °°, IT 3 -!* 13 !!] c C a » b ) a** 3 - 
f e Ipda,!]] • Then, for sufficiently small n > 6, f n m has 
derivatives upto order m, the (m-l)th derivative is absolutely 
continuous over £ the mth derivative exists a.e. 

and belongs to 1^ Q a^jb^ "J • Moreover, there hold ; 

(1.3.2) ll f ^ X ali ^ 11 » n >P> C a »kZj},r=l,2,. «> m 

L pL a i» b iJ 

(1.3.3) |lf-f J! . _ < Vi V f > n >P>Ca.ta)i 

L pL a l* b l^ 


( 1.3 .4) ||£ |i_ 


I pl a l’ b l^ 


< M r^ol f I 
— m+2' *- i— 


L p ll a ^3 


and 



(i.3.5; 


i 

,m* » T r- , 

L pL a i> b i3 


n .m* K r- , - au hh.3 


< M_.„ rT m j jf j 


L pCa,bJ ’ 


where M i 1 s are certain constants independent of f and n # 

£L r .9°.£ • 5y repeated application of theorem 18.1? of CSOT 

it follows that f has derivatives upto order m over T aHtb*"!, 
(m-1) ’ 1 l* 4 

n,m e A,C * Cahill 32x1 i*s mth derivative exists a.e. aid 

'Sne^Cai.^. 


m 


m. 


n/2 n/2 

Writing h^(u) = / , . . / f (ufk 2 u. )du.. . . .du , 1 < k < 

-n/2 -n/2 i=l 1 1 2n “ - 

by theorem 18.1? of Zzo2 we have 

,(1), \ «i r n / 2 V 2 Vll nul 

k 00 ln/z"ln/2 

A repeated differentiation of the above expression gives 

,( r X.,i - v* r n/2 // 2 A* rkn 

n/2' -n/2 

and 

(1.3.?) v-y - - “to, *1“ - - 2 

Prom (1.3.1) and the definition of A^ f(u) 

(1>3 - 8 ^ f n,m^ = ' „£(£) (-l/^ b^u)) . 

n -L 

Prom this one obtains 

d- 3 -^ < S C^X-i^h/W . 

n k=l 

Using Jensen* s inequality repeatedly we obtain from (1.3.6) 


(1.3.6) h * (U) ■ k ' r ln/2~ln /2 ^ "" + 

( 1 < r < m-l ) 

4 B) (u) = ‘ta f(u - if,' 1 ) a.e. 


JLX 


(1.3.10) |4^(u)|P < k “ r P „(nw?)(P-l) 


n/2 n/2 ™ D 

-n/S - "- n/g |4to f(U "’^ +k i 1 U i )i du l— dl W- 


m-r 

• n/2" -n/2 1 ^ ( * *1*1 

Next, using pud ini's theorem m— r times to interc hange integrals 
we obtain 

b. b 

/ |h|. r \u)j p du < k~ r P n ( m “ r )(p-l) / n / 2 . ,./ n / 2 J 1 
a l -n/2 -n/2 a;L 


m-r 


* ^i A k n f -?g-- + k _2^u i )(P } du du^.. .du^^ 

< H n^P (» r (f,kn,p,[:a 1 ,b 1 3))P 

(1.3.11) < ^ T1 ( m - r )p ( Br (f,n,p, Cai , bi n)) E . 

Ihus, (1.3.2) follows from (1.3.9) and (1.3.11). Proceeding 
similarly we obtain estimates (1.3.3) to (1.3.5). 

She ore si 1*3.2. Let 1 < p < °°, f G l p £ a , b and there 


hold 


T »P»C a J b 3 ) = 0 (t r+a ), (t - o). 


where m,r e 3KT and 0 < a < 1. 


Lhen f(x) coincides a.e. on Qc,d[Jcz (a,b) with a function 
P(x) possessing an absolutely continuous derivative p( r “^^( x ) 
the rth derivative p( r) (x) e L p Ec,d]], and there holds 

“(P (r ^T,P»£c,d] ) = 0(T a ), (T - 0). 

Proof. Pirst method s We first prove a lemma which gives 
a bound for a lower order integral modulus of smoothness in terms 



of a higher order integral modulus of smoothness. 


lemma 1.3.3. Let 1 < p < “ aid f e L £ a ,b3 . Ihen 

JP 

(1.3.12) ^(f,t,p,[ a> b] ) < M, t k {| jfll 

L pCa,b3 

b-a 

£ a,b^ ) 

*i ' a k+i- - du>, 

where the constant does not depend on f . 

£f,oof . Since the proof is similar to 3.3(11) of J~69, 
p. 108 ^ , we only sketch it. We have 


\ L 2h f (x)-2 k A k f ( x )| | 


L pCa,b-2kh^ 


" 1 ! V J 0 a { A^(x + vh)-^f(x)>Jj 


L p Ca,b-2kh3 


< 2 (J) { 2 | |A k+1 f (x+vh)j | 

V=1 P =° h n L p Ca,b-2kh3 


> 


<fc2 W % i(f )h , p> [ a) b]), 

Putting here, success ively, h = 2 m e (m = 0,1, ...,r~l) and taking 
0 < G < t, we obtain a system of inequalities of the form 

l 4 giwl. f(*)-2 k A* f(x)|J_ 


2^6 ip |“ a, b-2kh "J 


< k 2 fc ' 1 “ k+1 (f,2 m e,p,Ca,bJ). 

Multiplying both sides by 2 -(»l)k ,_, u sunmlng for ,.,r. 

ana using the fact that Vl (f, u,p, |~a,b;j ) i s nondecreasing 
with u we get 
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l| 2 - rt * k r f(x)-A*f(x)|| 
2 G 


L p C a,b- 2 r rk 3 


. v 2 “k+l^ f a » b I3 ^ 

- ^ 3 C +1 » 

which implies that 


( 1.3. 13 ) 

S U L p |;a,b-E r Tk 3 - n L p Ca,b3 

,2 T k r^° T “k+l^ f > u >P>C a > b 3 ) 

+ k / ■ " '■ ;»* 

Proceeding as in above, with f(x) replaced by $(x) = f(a*b-x,)» 

one obtains 

< |f| I 

l p Ca,b- 2 r r k J ~ n L p C*,bJ 


du< 


(1.3.14) | |4g (>(x)| | 


,2 k f' “k+l< f > u *P>C a . b 3) , 

■fit j » * » r r mr r " r cl ix# 


Wow, 


a*b 

Id ~ l^c ^ 

(1.3.15) (/ |A‘f( x )| P a X )VP < (/ f(x>l P dxjVP 

a 3 * 


We have 


+ if Ag f(x)[ P dx ) X / p =J 1+ J. 

a+b 6 1 ' 

art-b 


gj say# 


2 = if * ; Ag f(x) P chc) 1/p =(P |Vg f(a+b-y) P dy)VP 

^ a*b fc an- he fc 

ST 


(/ I’? *(y)| P ! iy) 1/,p = (/ |a? 4>(x-:ks)| P a*) 1 /)? 

an-te 6 a+ke 6 

^ b -te 


;i.3.i6) = (/ " |ig My)| P ay) 1/,p . 


a 
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Hence, from (1,3.13), (1.3.14), (1.3*15) and (1.3.16), it 
follows that 


( 1.3.17) | |&g f(x)| | 


L p Ca,b-l5e J 


< 2 {2-’( r " 1 ^ k: | (f( j 


LpCa f b3 


. k 2 T k r 2 ^ \l^ f » U ^&>a > , , , 

+ *£ t J a r ~ ^ r ' * ■ all / • 


We choose integer r = r(*r) such that 

-\- a < 2 r t k < . 

3! his gives, by (1.3.17) , that 


(1.3.18) l|A k f( x )j| 


< M k T k { | j f j 


6 • -\L *,*-*3 - - " "LCM] 


+ / 


b-a 
SIT a) 


» a »P » C a »b 3 ) 

r ir m * t. t ^ ik ^ bt - O.U J # 


Since e < T is arbitrary the proof follows from (1.3.18). 


Corollary 1*3.4. let k < m be a positive integer and let 

) = °( T ^), ( T - 0). 

Then there holds as T — 0 

0(r k ), p > k, 

^(f , T jP»[3s’jb2])= : {0(T^£nT[), p=k, 

0(tP ), p < k. 

How by using following lemma, on best approximation by tri- 
gonometric polynomials^ 69, Theorem 6.1.4, p* 3393 ), in 
conjunction with Corollary 1.3.4, we will complete a proof of 
the theorem* 
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Lemroa^ 1.3.5. If the sequence of best approximations 

E*(f) L of the periodic function f e L C ( 1 < p < °°j 

P P 

for a certain positive integer r and a > 0 satisfies the 

relation 




n 


r+a‘ 


P 21 

then a.e* on (-°°,°°) the function f (x ) coincides with a function 

possessing an absolutely continuous derivative f^ r “^(x) and a 

rth derivative f^ r \x) which belongs to L over a period and 

P 

for any integer k, as t goes to zero, there holds 

0 (r a ), a < k, 

^(f (r \ t) l = { 0 (T k |t n x| ), a = k, 

P 

0 (x k ), a > k. 


Proof jof the theorem* We choose points a^,b^ such that 
a < a^ < b 1 < b* Let g 6 C? with supp g c (a^,b^). Ihen it 
follows from Corollary 1*3*4 and the relation 

m . 

A ?(fg)(x) = 2 (?) (A? -3 f(x)) & 3 g(x+(m-j) ) 

j=0 3 T 

that 

“ m (fg, T s p»C ) = 0(x r+a ), (t -* 0). 

How, we extend the function fg periodically with period (b-a) 
over 3EU Let G- denote the extended function. We define 
another function P with the help of G which is 2n periodic 
and for which “ m C&V,p,£ 0 , 2*1 1 ) = (t - o). 

Ihe function P is defined as follows s 


P(x) = G(a + rjjp x). 
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I hen by (5.11,1) of [[69, p. 3263 

(1.3.19) S*^ S. °m “m( F > dl 

P 


we have 

o' 

P»C 0,2*3 ) < . 


Now, choosing a particular g 6 0“ such that g(x) = 1 for 
x e [[c,d3, the theorem follows from (1.3.19) and lemma 1.3.5. 


Second. Method . She proof makes use of another theorem 
on best approximation by trigonometric polynomials ( [jp9 , Theorem 
6.1.2, p. 3353 ) which we state below : 

Lemma 1.3.6. If the sequence of best approximations 

E*(f)^ of the periodic function f 0 1 [[0,2*3 (^ £ P < 00 ) 

P P 

satisfies, for a certain a > 0, the relation 


e J £ >l = °<-4> < n •* 

p n 

then for any integer k, there holds for all sufficiently small 
values of t 

0(x a ), a < k, 

(^.(f , = {0(T k |jin t|), a = k, 

P . 

0(t 1c ), a > k. 

Proof of the theorem. We choose a g G 0® with supp 
gc (a,b) and g(x) = 1 for x S [[c,d3« Since 

(1.3.20) A^(fg)(x) = Z f(x))(A3 g (x+(m~ 3 ) t)), 

3=0 3 

it follows from the hypothesis on f and g that 
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“ m (*g» T »P»Ca,b;3 ) = 0(T r+a ) + 0( t), ( T - 0) 

= O(tP), (t- 0), 

for any p < 1. 

Proceeding as in the earlier proof, it follows f rom Lemma 1.3.6 

that «^(fg, T,p , Q a,b3 ) = 0(tP). Since g(x) = 1 for x e C c > <i D» 
we obtain 

(1.3.21) \(l, T ,p,Cc^3 ) = 0(tP), (t - 0). 

Next we choose points a-^jh^ and another g e C® with supp 
g <= (a 1 ,b 1 ) and g(x) = 1 for x G Since (1.3.21) holds 

for every subinterval []c,d]] c= (a,b), we have by (1.3.20) and 
(1.3.81) that = 0 (t 1+ P), (t - o). 

Proceeding as in the proof of the first method we obtain that 
f G A.O. [*e,d3 » f ’ 6 I*pC. c » d 3 811(1 ) = 0 (tP). 

Continuing in this manner we get the result. 

Next we state a lemma ( Q 12, p .6963 , £8, p.lCtQ) which 
will prove useful in the proofs of inverse theorems. 

Lemma 1.3 .7 . Let ft be a monotonically increasing function 
on Q0,a3* further, let for some 0 < a < r and all 
t,nG (0,a) there hold 

G ( t) < M {n a + (I) r q(t) }. 

Then Q(t) = 0(T a ), ( t - 0). 
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1.4 GOWOLUTIplTS WITH POWESS OF BFD‘iL-SHAPSp i FIMGIIONS 

We state a lemma from £64, lemma 3, p. 53 on 
asymptotic estimates for absolute moments of convolution 
operators generated by powers of bell-shaped functions p which 
will be used to obtain bour&s for the adjoint moments of 
Bernste in-Kantorovitch polynomials. She bell— shaped functions 
are defined as follows. 

A function p e 1^(3B) is said to be bell— shaped if 

(i) p(t) > 0 for all tGiR, 

(ii) p(t) is continuous at t = 0 and p(0) = 1, 
and 

(iii) sup p(t) < 1 for each 6 > 0. 

|t| > 6 

With p(t) a bell-shaped function the convolution 
operator U n (f,x) is defined as 

U^fjx) = f (t) p (t— x) dt 

^ ' MtCO 

for those functions for which the integral is defined and 

oo 

cc(n) = / p n (t) dt, 

«»oo 

lemma JL. 4.1. let a > D, p be a bell— shaped function 

and for some m > 1, jt| a p m (t) e l^IR). Ihen, if p’«(0) 

exists and is non-zero, 

oc+.l TO a+1 

(1.4.1) lim n S / lt| a p n (t)dt = ) 2 , 

n -* oo * p "(0) 

where r(t) is the Gamma function. 



19 


1.5 LINEAR C OMBIITAT ION'S OF LINEAR POSITIVE OPERATORS 

— * i :«*■-»- » -ti.itm.mvni »_ _■* aw A w i.: : ■>. --- w ia ha _:t jrl * *r ' -W X 

Given a sequence { L n ( * ,t) } of linear positive operators, 
following Rathore £ 55]] , we define the linear combinations 
1 (*,k,t) as follows ; 

Let d 0 ,d iy . ,d k he any k+1 distinct positive numbers 
such that L^ n *s are meaningful. Then 

; h »<•**) a ; 1 ... ; 

O l 

L d ± n^ * » ^ d l 1 *“ d l k , 

(1.5.1) L n (.,k,t) = ■’ . ! 

4 • • • • • • f 

' L d ]j n^** t ^ d R 1 *;* d R k *• 

where A^. is the determinant obtained after replacing the 
entries of the first column by 1. 

This combination can also be written as (see May 


k 


(1.5.2) L n (* 

,k,t) 

= I c(j,k) L d n (.,t), 

3=0 j 


k 

d . 

where c(j,k) = 

n 

» * f 0, and c(0,0) = 1 


1=0 

d D^i 


Since the linear combinations of several sequences of 
linear positive operators give an improved order of approximation 
for sufficiently smooth functions, their convergence in G-norm 
has been studied quite extensively. To mention a few we refer 
the works of Butzer £17]], Rathore £ 55]} , May C«Q, 

Agrawal £2]] and Ditzian £23]]* 





In this thesis we study L -approximation hy linear 

P 

combinations of Bernste in-Kantorovitch polynomials P n ( #,t ) and 
regular exponential type operators S n (*,t). The operators 
■ P n(* ,i O and S (*,t) are defined as follows. 

Bernste in-Kantorovitch polynomials are a modification 
of Bernstein polynomials suggested by Kantorovitch for 

functions belonging to 

n (v+i)/(xh-i) 

P (f,t) = (m-l){ e p nv (t )/ v f(u)du } . 

v =0 nv v/(nf 1) 

Writing K(n,t,u) = (n+1) p nv (t) x nv (u)}, 

where x^u) is the characteristic function of the intervals 

C-Ai » for v = 0fl > of Z'Al ,:L ^ for v = n » 

we can write 

1 

(1.5.3) P (f,t) = / K(n,t,u) f(u) du. 

o 

The operators S n (f,t) ) defined by 

B 

(1.5.4) S (f,t) = / W(n,t,u) f(u) du, 

A 

where W(n,t,u) > 0 is a distributional Kernel (-°° < A < B < °°), 
are said to be of exponential type if 
B 

(1.5.5) / W(n,t,u) du = 1, t e (A,B), 

A 

and 

(1.5.6) W(n,t,u) = (u-t) W(n,t,u), u,t e (A,B), 

where p(t) is a polynomial of degree < 2, p(t) > 0 for t e (A,B). 



It is farther assumed that the range of S n is contained 
in C°°(A,B) and there holds for k g 3N 

(1.5.7) — ^ S (f,t) = f ( -m. W(n,t,u)) f(u) da, 

dt A St 

lie operators S n (»,t) of exponential type are called 
regular if W(n,t,u) are measurable over (A,B) * (A,B) and the 
following conditions are satisfied. 

B 

(1.5.8) f W(n,t,u)dt = a(n), ue (A,B) , 

A 

where a(n) is a rational function of n satisfying 


(1.5.9) liin a(n) = 1, 

n - °o 

and for each fixed u e (A,B) and m gIN°, 

(1.5.10) t m p(t) W(n, t,u) -Oast-Aart-B, for all 


sufficiently large values of n. 


1.6 INTERPOLATOR! MODIFICATIONS OB LINEAR POSITIVE OPERATORS 

ym ~ m i “ * ik \ » *«_». v. r- v s- him i r m.n r - i .. » - t i rv a r i r , _ 


In Chapters III and V, respect ively, we shall study 
L - approximation (1 < p < <=°) of functions by interp olatory 
modifications of Bernste in-Kantorovitch polynomials P ( »,t) 
and regular exponential type operators S (»,t). Tbs operators 
R n (*»t) and S n (*,t) are modified by making use of classical 
Newton interpolation polynomials. This is accomplished by 
replacing function value f(u) at point » u* by Newton inter- 
polation polynomial of mth degree based at nodes u,u+ • i 


* 
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For f e ip £ 0,1^1 , where 1 < p < °°,interpolatory 
modification P n ^ m (f,t) of order m of . Bernsteii^Kantorovitch 
polynomials P n (f,t) is defined as follows s 


(1*6.1) »"k) 


1 in d/ 2 j—l ^ 

= / K(n,t,u) { l n *- r *( n(t-u-- 1 y p )) A 3 f(u))du, 
o i=0 i=0 xr' c 


3-1 


where n (t-u- ws) for j = 0 is interpreted as 1 and f(u) is 
i=0 ry'*' 

zero when u > 1. Here and in the sequel a denotes a 1 /„ *, 

And for f e Lpj^AjB^, 1 < p < °°, interpolatory modification 
S n m (f,t), of order m, of regular exponential type operators 
S n (f,t) is defined as : 


C 1 * 6 * 2 ) S n,m( f ^) 


B 


= / -* 

* Tin 


A 


1+ 1 u-t 


m +2 


m j/2 j— 1 

{ I *U-,( n (t- u- * Y / ft-) ) A 3 f(u.) }du» 
3=0 i=0 n 1 /^ 


where m < ei . 

— o 

1.7 A_RESTJME pB JEBHSTElH-KAN-fOROYITGH POLYNOMIALS 

L -approximation by Bernstein-Kantorovitch polynomials 

ir 

has been recently studied by Hoeffding C 88 J. Botanic and 
Shis ha 11163, Gr undmann P»H-. Muller £483* Ditzian and 
May C253, Maier £43,443, Riemenschneider £603, May £ 46 £ 
and Beeler and Hessel £9,10£ , 
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Ditzian and May CbO have proved local direct , inverse 

and saturation theorems in 1 -norm over contracting sub- 

P 

intervals. The inverse theorem is as follows : 

’’Let 0 < a < 2, l<p<°° and f G 1 Co.O- Then for 

ir 

a < < b,| |P n (f,t)_f(t)| 1 = 0(n-“/ 2 ), (n - ») 

L pC a > b _l 

implies th a t «Jg(f » T >P> C a l> b l3 ) = °( T<X )» ( T - °)*» 

When a = 2, the following is the saturation theorem : 

«||P n (f,t)-f(t)j| = 0(n -1 ), (n — °°), 

L p L a ’ b I3 

implies that f coincides a.e, on Qa,b^ with a function P 
such that P* e A.C. £ a,b J and P^ e L n C a > b I3 for P > 1 

ir 

and P* G B.V.£a,b3| for p = 1 (We would remark here that this 
result is striking in view of the conclusion being valid with 
respect to the whole interval £a,b^]. However, in this context 
the proof given in £25]} is rather sketchy and tie details have 
not been given). 

And ||P (f,t) -f(t)| j = oCn” 1 ), (n - °°) 

L p L a > b J 

implies that f coincides a.e. on £a,b3 with a function P 
satisfying for some constant c 

t(l-t) P'(t) = c for t e [ a, b 3 " • 

G-rundmann £29^] and Muller C«3 have obtained 
bounds for the error in L -approximation, respectively for 

ir 

the cases p = 1 and p > 1, in terms of first order integral 
modulus of smoothness of the function. Por f G L [”0,l3 they 
have shown that 
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||P n (f,tM(t)|| < % “,( £ ’ n~ 1/Z ,P,Z°,ll), 

L p L °* 1 J 

M = 4 If p = 1, Bojanic and Shisha £ 16 have obtained the 
above estimate in weighted norm. For differentiable functions 
bounds for error in approximation have been given by Hbeffding 
£ 32 ^ and Muller 03 respectively, for the cases p = 1 and 
p > 1 as follows : 




LpCo.i} 


J(f), 


where J(f ) = / (x(l-x |df (x ) j when p = 1 and 


J(f) = 1 1 f * | l if p > 1. 

Maier £43^] has proved the following global saturation 

theorem in 1-j.C 0*1 U norm « This has been extended to L £ 0,l^j , 

JP 

where 1 < p < °° by Riemenschneider C 603 . 

Let S = {fjf(x) = k + / t ^t; dt, K £ (0,1), k e 3R. 

and h e B.Y. £ 0,13 satisfying h(0)=h(l)=Q >. 

Then | |P n (f,t) - f(t)| J = OCn" 1 ) iff f 6 S, 

L lL 0 » 1 J 

and IIP (f,t) - f(t)| J = oCn” 1 ) iff f is constant a.e. 

^iC 0 * 1 !] 

Becker and Nessel £93 ^ave characterized the saturation 
class S of Bernste in-Kantorovitch polynomials. They have proved 
that f e S is equivalent to 
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or, 


wher 


l w j?l 


BV+C£ b,l-b3 


BT+G(I h ) 


= 0(h 2 ), (h - 0 + ) 


= 0(h 2 ), (h - 0 + ), 


e *(x) = x(l-x), F(x) = f f(x)dt, aSp(x) = 


h (1+h-t )x 

= x// f '(s)ds dt, I, = £h/l+h, 1/1+iQ , 

o ( l+h)x-t n 




m+Q £ h > i-*£] 


= u+ 4 &'ii_ + 


m 




May £46 j proved a more natural global saturation 

theorem alongwith a correction term, in weighted 1 X 0,11] norm, 

J? 

where 1 < p < Ihe presence of correction term renders the 
saturation class more natural. ‘The theorem states that 

ll’ |, n 1 ( t ) 1P n( f > t >- f C t ) - * n (t) E^(f,t)}| | =0(1) 

L p Q0,l3 

if 1 £' 6 A.C. C 0 ! 1 !] aid e ipC 0 )!] for 1 < p < ~, or 

f e A.C. £o,l£ and f‘ e B.v. ^0,1^ for p = 1. 

And, |l^“ 1 (-t){P n (f,t)-f(t)-<!> n (t)P^(f,t)>||^ ^. 01 -j = o(l). 

iff f is linear, where 4> n (t ) = and if> n (t ) = P n (^ u ^ t '^',t). 

Some of the auxiliary results obtained in 1&B2, 

£ 403 and £46 j] will be used in Chapters XI and HI. We 
state them as lemmas* Ihese lemmas are about moment formulae 
of Bernstein polynomials, Bernste in-Kantorovitch polynomials, 
derivatives of P nv (t ) etc. 
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Lemma 1.7.1. (£40, Theorem 1,5.1]]) Let s 6 IN, then 

T n g (t) defined as n 

I n,s (t) = 4 0 (v-nt)Sp ^ (t) 

is a polynomial in t and n; in t of degree < s, in n of degree 
C|3- T^ g g (t) depends only on t(l-t) and the coefficient of 

n s is -4^®*^ (t(l-t)) s j T © eu .i(' fc ) is a polynomial in t(l-t), 

2 s st 

mult iplied by ( 1-2 1 ) • 

The following lemma (£46, lemma 2.1, p. 322]]) expresses 
moments of Bernste in-Kantorovitch polynomials in terms of moments 
of Bernstein polynomials. 

Lemma 1.7.2. Let m 0 IN and p(t) = t(l-t). Then 

(1.7.1) P n ((a-t) m ,t) = Xw-lJ^pVt’} Vl ((u-t) 2 * 2 ^). 

The following corollary follows from Lemmas 1.7,1 and 

1.7.2. 

Corollary 1.7.3. Bor m G IN there holds 

(1.7.2) P ((u-t) m ,t) = - Q(wl,t), 

n (rH-l ) m+1 

where Q(n+l,t) is a polynomial in (rn-l) of degree , and 

in t of degree <: m. 

The derivatives of P n (t) are given by lemma of 
Lorentz £40^], 

Lemma 1,7.4. Let k e IN. Then there exist polynomials 
q.^F ; \ (t ) which do not depend on v or n, such that 



(1.7.3) 4 -\ t V (l-t) n -'' 

dt 

where i, 3 vary over 3H° 


= £ n i (v.nt)3 a ( k >(t)t V (l-tf- V T- k , 
i,3 3 

and satisfy 2i+j < k and T(t) * t(l-t). 


The presence of the factor (T(t)) in the denominator 
does not cause any problem for local inverse theorems as it 
is bounded away from zero over compact subsets of (0,1). However, 
in the proofs of inverse theorems of a global nature a different 
type of bound is required (see e.g., co. co. co . co 
and. Q23] ). 

The following simple lemma gives a bound for the absolute 
moments of a general linear positive operator L n (f,t) 

B 

L (f ,t) = / W(n,t,u) f(u) du, (t e I) 

A 

which maps 1 to itself. 

Lemma 1.7.5. If for every m e IN and all t belonging 
to some compact subset E of I there holds 

L n^ u “* t ^ 2m » t ) = °°)» 

then for every positive number r and all t e K 

(1.7.4) L n (|u-t| r ,t) = 0(n" r / 2 ), (n - co). 

Proof. Let s be an even integer > r. Then using 

Holder’s inequality 

B r 

/ W(n,t,u) |u-t| r du - 
A 
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B / B 

1. {/ W(n, t,u)| u-tj s du} r / s { / W(n,t,u)du} s , 
A A 


This gives "by assumed moment estimates for integer s that 
B 

f- 

A 


B 

/ W(n,t,u) |u-t[ r du < Mj, n“ r / 2 . 


As a corollary to above lemma we obtain moment estimates 
for Bernstein polynomials and Bernste in-Kantorovitch polynomial#* 


Corollary 1*7 .6* let r be a positive number* Then 


( 1 . 7 . 5 ) 


I 2 nr(t)i < M n~ r / 2 , 


the constant M being independent of t and n. 

Corollary 1.7.7. Let r be a positive number. Then 

(1.7.6) P n (lu-t| r ,t) < M n“ r / 2 , 

the constant M being independent of t and n. 

1'he following results (£25, pp. 734-735£ ) show that 
the operators P n ( . ,t ) are 1^-bounded and that in the 1^- 
approximation contribution from outside of a neighbourhood of 
the interval is arbitrarily small. 

Lemma v 1*7.8 • Let 1 < p < 00 and f el Xo.f]. Then 

P 

Lemma 1.7.9. Let 1 < p < 00 and f e L £ 0,13 • 2:11611 

P 

for i erf, c C 3 -* 13 ) ara2 with x(u) as the characteristic 
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function of the interval Ca.tQ. there holds for any fixed 
positive number £ 

(1.7.8) IIP (f(u)(u-t) 1 (:Ux(u)),t)| I 

L pC a l’ b l3 

= 0(n" e ) ||f|| , (n - »). 

Ip L °. 1 J 

The proof follows in the manner of the proof of Lemma 2.3 
of £25, p. 735^ . 

The following Euler-Maelaur in sum formula (£13* p.275^ ) 
will be required in the proof of saturation theorem for inter - 
polatory modifications of Be rnste in-Kantorovitch polynomials. 


Lemma 1.7, 10. let function f(x) E OZO.lJ have 2k 
(2k+l) derivatives on (0,1) where t ( 2i ^(f £ 8k+1 .)) e A .0. £),!]. 


Then 


n 


(1.7.9) 2 f(|) = n / f(x) dx + i (f(0) + f(l)) 

3=0 n o ^ 

+ n£ - V 

r=l (2r)l n 


where / P gk+1 (t) « I 

> '3KS { ^0 ^ E 2h+Z (t)£(2k+8)( "n r>it >} - 

where the Bernoulli numbers B n and the Bernoulli polynomials 
P n (t) are defined by the identities 


x 


00 "R t -v-h v 00 

= 2_ ^x n and x( - e v = 2 P n (t) x n . 


e x -l ' n=0 nI 


e —1 


n=0 



30 


1.8 A RESUME _GF EXP Offl f IAL-TYEE OPERATORS 

In this section we mention some results from C 21 and 
j“45“[ on approximation in C-norm by exponential type operators 
and their duals. These will he useful both for comparison with 
1 cases and in our later analysis. Also we derive some simple 

Jr 

consequences of these. 

A formula for the moments of exponential type operators 
([[45, Proposition 3.2[|, [[2, Lemma 1.3.3 3 ) is given by the 
following lemma. 

Lemma 1.8.1. Eor m e IN, A^njt) defined as 

B 

A (n,t) = n m / ff(n,t,u) (u-t) m du 
m A 

is a polynomial in t of degree m, in n of degree c§i. The 

coefficient of n m in Ag m (n, t) is (2m-l)H p m (t). And the 

coefficient of n m in is c m p m (t) p ’ (t), where 

„ (2m+l)l! m 

m 3 * 

Corollary 1.8.2 . Let r be a positive real number. 

Then, for all t belonging to a compact subset K of (A,B) there 
holds 

(1.8.1) lA^njt)! < M n r / 2 , 

the constant M being independent of n. 

The proof follows from Lemmas 1*7.5 and 1.8.1. 

I 

Next, we state a Lorentz-type lemma (£2, Lemma 1.5.6 ) 
for the derivatives of the kernel W(n,t,u) of an exponential type 
operator. 
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lemma_1.8.3. For each k e H there exist polynomials 
a^\t) in t which do not depend on u or n such that 
„k 

(1.8.2) °-g W(n,t,u) = Q k (n,t,u) W(n,t,u), 

8"t 

where Q k (n,t,u) = 2 n 1+ 3 (u-t) 5 a? ^(t) .(p(t))“ k , 

i»3 3 

i,j e m° satisfy 2i+j < k and p(t) is as defined in (1.5.6) 

A function tf e C(A,B) is called a growth test function 
for tS n > if for any compact subset K of (A, B)' there exists a 
n Q 0 IN and a positive constant M such that 

S n (* 2 ,t) < M, n > n Q , t 0 K. 

lemma 1.8.4. Let |f(t)j < ’f'(t), t 0 (A,B) for some 

GTE 1 Then the relation lim S n (f,t) = f(t) holds at each 

n -* °° 

continuity point of f. If f is continuous on £ a,b3 , then 

lim S n (f,t) = f(t) holds uniformly on contact subsets of (a,b). 
n -*■ 00 

An asymptotic formula for linear combinations S n (.,k,t) 
of exponential type operators is given by May C«Q = 

Lemma 1.8.5. Let |f(t)| < 'J'(t), t 0 (A,B) for some 
growth test function tp. If for some t 0 (A,B) 
exists, then 

(1.8.3) n^ +1 { S (f ,k,t)-f(t) ) = 2 l +2 Q( 3 ,k,t)f^>(t) + o(l), 

n j.=3c+l 

where Q(;j,k, t) are certain polynomials in t. Moreover, 
Q(2k+2,k,t) = c 1 (p(t)) lc+1 and Q(2k+l,k,t) = c 2 (p(t )) 3c p 1 (t). 
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furthermore, if f e c 2k+2 Ca.bU, then (1.8 *3} is uniform in 
every interval. £ a ^ 2 c.( a,b). 

Inverse and saturation theorems for linear combinations 
of exponential type operators in 0-norm, over contracting 
intervals, have been proved by May £ 45 ^ , We assume ^ tbg 
following two lemmas that A < ^ < a 2 < aj < b 3 < b 2 < ^ < B. 

lemia 1.8.6. let 0 < a < 2 and |f(t)|. < *(t), t e (A,B) 
for some SW * . Then, in the following, the implications 
* *(i) = => (ii) ==> (iii)* f hold. 


^ I l s n ^ f >b -i= 0 ( n -a(k+l)/2^ ( n ~ <*>)• 

(il) “‘2k + 2( f > T .Ca 2 .l’ 2 3) = 0 o); 

(iii) ||S n (I,k,tJ-t(t)|| 0&8>I)i(3 -0(n-«0*l)/S,, (n — oo). 

lemma 1.8.7. If S n are regular, then, ia-the following, 
the implications "(i) ==> (if) = => ^ 

TT(i v ) ==> ( v) ==> (vi)'» hold. 


(i) 
(ii) 
( iii) 
(iv) 
( v) 


II s n (fA,t)-f(t)| | 0 j- ai , bi *j= 0(n-( k+1 )>, (n-»), 
f (2k+1) 6 1.0. [aj.bg] ana t^k+Z) g 


i|Sn(f,k,t)-f(tJ|j 0 ^^ >b ^^= 0(n“( k+1 )), (n-»); 

||S n (f,k,t)-f(t)|| 0 j- a ^ jb ^^ = 0 (n-< k+1 >), (n-=) ; 

f e c 2k+2 r aj,b ] and 2 f 1 ' 2 «(i,k,t)f' = 0, 

i=k+l 

where t e C a 2>kg3 . Q(i,k,t) are the polynomials 


occuring in (1.8.3)j 
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(vi) ll s n ( f * 3c > t )- f (‘ b )ll 0 £ a^,b 3 3 = °(n“ (k+1) ), 

The dual operators S* (.,u) corresponding to exponential 
type operators S n (.,t) have been defined and studied by 
Agrawal £ 2^] • These are given by 

B 

(1.8.4) S* (f,u) = / W(n,t,u) f(t) dt. 

n A 

The normalized kth moment o* v (u) is defined through 

XI j JX 

(1.8.5) ff* fk (u) = (a(n)r 1 S*( ( t-u) k ,u) . 

A recursion relation for the normalized moments is given by 
Lemma 1.4.1 of £ 2, p. 24^]: 

Lemma, 1.8 .8 . For each k e IN and all sufficiently large 
values of n there holds 

(1.8.6) (n-(k+2)a) v£ >k+1 (u) = 2(k+i)(aufp ) cg >k (u) 

+ ip(u) c5 )k _ x (u), 

o 

where p(t) = at +pt+y and cr*^_-j_(u) = 0. 

As a corollary one obtains tie following estimate: 

0 or ollary, 1 .8 .9 . For k e LI and all sufficiently large 
values of n, S*((t-u) k ,u) is a polynomial in u of degree <k. 
Moreover, for u e £, a compact subset of (A,B), there holds 
for some constant M 

|s*((t-u) k ,u)| < M n 



(1.8.7) 
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As a consequence of the above corollary and Lemma 1.7.5 
we obtain the following estimate: 

Corollary 1.8 *10. For any positive number r and u e K, 
there holds for all sufficiently large values of n 

(1.8.8) S* (|t-uj r ,u) < M n" r / 2 , 

M being a constant. 

It has been proved in £ 2^ that the operators S* (.,u) 
are also approximation methods . Moreover, the following 
asymptotic relation for linear combinations of operators 
S*(.,u) holds: 

Lemma 1.8 .11 . Let Jf(u)J < ^(u), ue (A,B) for some 

growth test function tp . If for some u G (A,B) f^ 2l£+2 ^(u) 
exists, then 

(1.8.9) lim n k+1 f S*(f ,k,u)-f( u) >= 2 f . . . (?) Q*( j ,k,u) , 

n -* oo 11 j=0 ^ * 

where Q*(3,k,u) Is the coefficient of in the 

i v * 

asymptotic expansion of S*( ( t-u) J ,u), multiplied by (-1) / id., 

n i=0 1 

Moreover, (1.8.9) holds uniformly in u e £a,b3 if 

^(Sk+2) continuous on <a,b>. 

May Proved and made use of the following lemma 

in the proof of sup-norm saturation theorem for S n (.,k,t). 

Lemma 1.8.12. For every m e 3N° there holds 

jg 

(1.8.10) / W(n,t,u) t m dt = P(u,n)+0(n'" k ” 2 \ 

A 



where p(u,n) is a polynomial in u and n*“ , She degree 
of P(u,n) in u is m, and the G-term is uniform for 
ue[ a,h3 c(A,B). 

In the proof of saturation theorem, for interpolatory 
modifications of regular exponential type operators in 
Chapter V, we require the coefficient of u m in P(u,n). 
Shis is obtained in the following lemma; 


Lemma 1_,8 A 13, 
coefficient of u m 

(1.8.11) a = 

v m 


Let m e I and a = a (n) be the 

■g HI HI 

in P (u,n) = / ff(n,t,u) t m dt. Then 
m A 

HH- 1 - -j 

a(n) n (1 - jL a) - , 

3=2 “ 


where a 


is the coefficient of 


in p(t). 


Proof. We proceed by an induction on m. 

B B B 

P 1 (u,n) =/ W(n,t,u)t dt = / W(n,t,u)( t-u)dt+u f W(n, t,u)dt 

jl A A 

1 B . 

/ (|r W(n,t,u)) p ( t )dt + u a(n), 

n ^ ot 

Letp(t) = oct 2 + §t +y , then by (1.5.10) and (1.5.8) 

i B 

P (u,n) = -■£{-/ W(n,t,u)(2at+p )dt } + u a(n) 

1 n A 

= 2 n p i( u » n ) + I a ( n ^ + u a ( n ^ 

i.e ., P^Ujn) = u a(n)(l- &T 1 + | a(n)(L- -^r 1 . 

This proves the result when m=l. We assume it true for m=r. 
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Tien P 1 (u,n) = / w(n,t ,u)t r ( t-u)dt + / W(n,t,u)ut r dt 
^ A A 

B 

= “i { { (ft W(n,t,u))t r p(t)dt> + uP r (u,n). 

Again integrating by parts and us.ing (1.5,10) 

1 B 

P iO u,n ^ = n{ W(n,t,u)(t ; p(t)) dt> + UP r (u,n). 

Jk 

Since (t r p (t))* = a(r+2)t r+1 + p(rfl)t r + Yr t 1 ” 1 , 
p r+ l( u » n ) = P r4-iC u » n ) + uP r (u,n) 

+ p r (u,n) +Y I p r -l (u » n) 

i» e • » p r+l.( u >n) = (1- uP r (u,n) 

+ (1- PLg'ZJ)- 1 (§1^) p r(u ,n) + Yfp^n)). 

By Lemma 1.8.12, P (u,n) and P ^(u,n) are polynomials in u 
of degrees r and r-1 respectively and hence 

(i-a k n 2 ^) -1 a(n) _n (l-a ^)"’ 1 = a(n) _ n (1-a ^)~ 1 , 

j=2 

completing proof of the lemma. 

The above mentioned results concern ordinary approximation 
by exponential type operators. An interesting fact about these 
operators is that they also have the simultane ous approximation 
property S^\f,t) - f^^(t), t e (A,B), k 8 U «■ Inverse and 
saturation theorems in simultaneous approximation for some 
sequences of linear positive operators have been proved in 

II P 3 ♦ 03, 03* C^®3 03* 
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w - A _ ifi n r • **- 


1 -APPROrfflATIOM_ BY LIKE AH. 


COMBINATIONS OP 


BraSG3J ; IN r KANT0R07ITCH POLINOMTAT.S 

* * w 1 - 1 - f ' * i ' 'n- - ‘ v m m / » * w i 


A study of direct, inverse ahd saturation theorems for 

Be rnste in-Kantorovitch polynomials in 1 -norm (1 < p < ~) 

P 

has Been made in C253 

(see 1,7). Ifere we obtain these 
theorems for the linear combinations of Bernste in-Kantorovitch 

. v >r _ -m- ~%T9 & ‘ r - r 1 

polynomials in L^-norm (l < p < «>). Our results are local 
in nature over contracting intervals. The proofs of some 
of these results require estimates of adjoint moments of 
Bernste in-Kantorovitch polynomials which we prove in Section 1. 
In Section 2 we show that the linear conbinations of Bernstein- 
Kantorovitch polynomials in L^-norm converge faster to function 
provided function is sufficiently smooth. In Section 3 we 
prove an inverse theorem related to P n (.,k,t). The proof is 
carried out by using properties of a linear method of approxi- 
mation (viz., Steklov means). In Section 4 we prove a 
saturation theorem. 


life use the notations I = £0,l3» 1 • = C a i» b *I]» i=l»2,3 

3 3 D 

where 0 < a^ < a.^ and < b^ < 1, throughout this and 

the next chapter. 


t 
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2.1 Th e Dual Operato rs . 

let{P n )be the sequence of Bernste in-Kantorovitch 
polynomial operators. We define the dual operator sequence 
fP^ } as follows (the kernel K(n,t,u) is defined in Section 1.5) 

1 

(2.1,1) P*(f,u) = / K(n,t,u) f(t) dt. 

o 

The domain of the operators P* is the set 1.(1), let <f,g> 

1 

denote the real inner product / f(u) g(u) du. Then 

o • 

1 

<P*(f ,u),g(u)> = / P*(f , u)g(u)du 

o 

1 1 

= / / K(n,t,u) f(t)g(u)dt du 

o o 

1 1 

= / / K(u, t, u)f (t )g(u) du dt,hy Pubini’s theorem 
o o 

1 

= / P n (g,t)f(t)dt = <P n (g,t),f(t)>. 
o 

Bote that for each f e 1^(1), P*(f,u) is a step function. 
Moreover, for f e 1 (I), 1 < p < °°, making use of the Jensen’s 

■ Jr 

inequality and thaiPubini’s theorem we have 

i [P*(f,u)|| P = / I/ 1 K(n,t,u)f(t)dt| P du 

l p (I) o o 

X 1 

< / / K(n,t,u) |f(t)| p dt du 
O O 

11 

= f f K(n,t,u)|f (t)p da dt 
o o 

1 n 1 
- / | X(-fc) | p ( J ■ 
o o 



Hence we have the inequality 


(2.1*2) | jP n (f ,u)j | ^ < | \£ j i ^ ^ j j > f 6 L^(I). 

P P 

By definition 


P*(l,u) = 1, u e I, 


n 


and P*((t-uJ ,u) = £ 


v =0 


L nv 


(v +1) (v +2 ) 

(u) { — - - 

(n+2)(n+3) 


2u(v+l) 2 

’(»*') + “ } ,ueI 


= 0(5). (n - “ J. 

uniformly in u e I. 

Hence it follows' from Theorem 3 of Korovkin- £ 363 that 
P*(f,u) - f(u), uniformly in u e I as n - provided f G C(I). 
Therefore, "by (2. 1.2) the operators P* constitute an approximation 
method also for f e L (I), 

i.e., ||P*(f,u) - f ( u )|| = o(l), (n - 00 ). 

V I} 

1 , . ' 

let k el Tnen the k-th dual moment is given by 
k ( u) = (' fe - a ) l5: > u ) • fheir bounds can be obtained from 

Propo sition Let k G Iff andi u G I^* Then 

p’dt-ult^ OCn-V 2 ) , ( n -«=), 
uniformly in u G 1^* 
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Proof* It is sufficient to show that for r e 2N° , 

EI c »0 c ( O* 1 ) a^d for all v (=1, . . , ,n-l) satisfying c < ^ < d, 
there holds for some constant M independent of n and v 

(2.1.4) / p (t) |£ -t| r dt < . 

o w +1 

rr 

low, let u e I 1 . Then u e > gft-) for some v* e {0,1,..., n}. 

Thus 

P*(|t-u| k ,u) = (!*!){ X nv (u)(/ 1 p nv (t)|t-u| k dt) } 

= (wD / P nv ,(t)|t-u| k dt (as ue C^i^f 1 ^) 

= (nt-1) / P nv ,(t)|t~ -uj k dt 

o 

< (n-j-1) f p nv ,(t)(jt- - u | ) dt 

o 

(2.1.5) = (nfl) { Z ^ (^) / P nv * (^^ln“ "*M “ u l ^ ^dt}. 
We note that 


u 6 C holies that | u- ^-j < ^ and hence 

if we assume that (2.1.4) holds, then by (2.1.5) 



Proof of (2*1*4) • Consider those v*s which satisfy 

mmmmm Kurvrn n i ■ r\w :* j jf j 

(2.1.6) o < | c a. 

For e e (0,1) we define a function p(t) as follows: 
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P(t) = { 


t e r -e i-e”l 

e e (i-8) f - e ’ 6 L e ’ J ’ 


o t t ^ Q —9 , 1—6 3 * 

Then j3(t) is a bell-shaped function (see Section 1*4). 
Also it is easily seen that = -(©( :U© ))~ 1 . 

An application of Lemma 1.4.1 to the function p(t) gives 

iim n ( r +D/2 / -0 |t| r at 

' ' e® (w) n(w) 


n -*> 


-0 


r , 1 P (r+l)/2 
= r (- £ "X^; ( - o) ) =M 1 (say). 

By a transformation of the variable we obtain 
(S.1.V) lim ^ r+l)/2 /V-el r ^-^^« = M 2 , 


CO 


By Stirling’s formula for large positive valu.es of x 
r(x+l) * (2TCX) 1 / 2 x x e“ x . 


This implies that 

r(rn-l) 


- 1/2 


/ p < q\ ' { 2-n;n0( 1-0 )} 

^2.1.8; - --E — VaT — • 

r(netl) r(n-ns+l) - {e (1-e) e } 

(2.1.7) and (2.1,8) imply that as n tends to infinity 

(2.1.9) - . . ...... / jt-©| r t 32 ® ( 1-t ) n ^ ^d t < 

r(ne+l) r(n-ne+l) o ” §•+! 

rr 
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Choosing 0 = ^ where •£■ satisfies (2.1.6) we obtain from 
(2.1.9) 

1 M 

( V ) / t v (l-t) n ‘’ v |j. -tj r dt < * » £ . 

n^ 

This proves (2.1.4). 

Corollary 2.1.2. let r > 0. Then for all v* s 
satisfying (2.1.6) there holds 

(g.i.io) / p (t) _tj r at < 

o nv “ § +1 

n 

where M is a constant independent of n and v . 


Proof. let s > r be an integer. Using Holder’s 
inequality we obtain from (2.1,4) 


,(t)|g -t| r at <{/ p nv (t)|g -t| s at} r ^ s {/ 1 p n (t)at} 1_r / s 
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2.2 ERROR ESTIMATES ARE A pIRBGT THEOREM 


In this section first we obtain estimates for error 
in Lp-approximation ( 1 < p < °°) by linear combinations P n (.jk,t) 
of Be rnste in-Kantorovitch polynomials in terms of L p -norm of 
derivatives of the function. The proof of the case p > 1 makes 
use of Lemma 1.2.1 regarding Hardy-Little wood majoraht of the 
function and Lemma 1.2.2 which bounds intermediate derivatives 
of the function in terms of a higher derivative and the function 
in L -norm- . While, when p = 1, we use Lemma 1.2.5 regarding 

ir 

integration by parts in Lebesgue-Stieltjes integration and 
Lemma 1.2.2. Using these results we obtain a general error 
estimate in terms of (2k+2)th integral modulus of smoothness 
of the function. Finally we prove Voronov ska;] a type asymptotic 
formula for the operators P n (.,k, t). 

Theorem 2.2. 1 . Let 1 < p < °° and f e L (I), If f 
has 2k+2 derivatives on 1^ with -^(^k+l) g ^.0. (1^) and 
f ( 2k+2 ) e L p (I 1 ), then 

(2.2.1) l|P n (f,k,t)-f(t)i| 


< 


M I, , „(2k+2), , 

kll { ll f It 

n 


i P < i p 




1WI 


L (I) 
P V 



where M is a certain constant. 


To prove the theorem we require the following proposition 

Preposition 2.2,2, Let 1 < p < h e L p (I) and 
i,j el°. Then for a sufficiently large positive number £ 



u 


(2.2.2) ||P (ju-tl 1 !/ |u-w| 3 |h(w)|dw| »t)) j 

t 

<M{n ( ^ 11*11 >, 

l p (I i ; V ' 

w here I is a certain constant. 

a 

Furthermore, | [P n ( | u-t ' | x \f | u-w| 3 | h(w)|dw| ,t )| | 

"fc p ' ' 


(2.2.5) 


< M., n 

- 1 




P 


where M 1 is another constant. 

Proof. Let x(u) denote the characteristic function 

i ^ 


of I 1 . Then 


||P (lu-tl 1 !/ |u-w[ 3 |h(w)|dw|,t)|| 

t d U 2 j 


< (x(u)|u-t|VV- w l 3 l h M 4w l> t >lL (I , 

t " u n' J '2‘ / 


+ | |E n ((l-x(u))|u-t| i l/V-"l 3 l h Wl dw l »*)1 l {Ig) 

= J ^ + Jg $ say * 

First we evaluate J r let H h (u) be the Hardy-^ittlewood 
maj or ant of }. defined by (1.2.1). Consider the following 

inequality « 

/ 1 K(n,t,u) ju-tl 1 !/ |u-w| 3 |3i(w)|dwidu 

a l 13 

</ "*£( n, t , u) | u-t | 3+ X ( I / |h(w)jdw| )du 


< / 1 K(n,t,u)| u-t | i+ 3+1 H b (u) du, 



—1 — 1 

Now using Holder* s inequality (with p +q = l) and then 
applying Corollary 1.7.7 in the next step we get 

b l . 

S K(n,t,u)|u-t| ;L+ 3+ 1 h h (u)du 

a l 

1 Di . \ 

< { / K(n,t,u )|u-t| (^ + 0 +i )'l du} 1 /^/ E(n,1:,u)|H 11 (u.)j p da 

H a i 


< Mg n 




l / K(n, t,u) | H^(u)[^* du }V p , 


Using Fubini's theorem and Lemma 1.2.1 it follows that 
_(. i +l+ 1 ) _ \ b l 


J 1 < Mg n ’ ^ if f K(n, t,u)| H Ji (u)| p du dt ^ 

ag a.^ 

_(i+n+I) b i b 2 

Mg n ^ {/ jH h (u)| p (/ K(n,t,u>dt)duy L / p 




v i+3+.l \ 

< »’ ’ 5 INI 


S (I 1 } 


Next we estimate Jg. Let & = min (ag-a^ t h^-hg ) . Using Jensen* s 
inequality twice and writing s = 2«,p + 1 - (i+j+l)p we have 

j| < / / K(n,t,u)| u-t| ip (l-X(u)) p |jP |u-w| 5 |h(w)jdw| p du dt 
" “ % 0 t 

fog 1 . u • 

< / / K(n,t,u.)| u-tj ( i +*)P- 1 ( 1 _ X (u)) p |/ | u-w| 3p | h(w)| p dw|dudt 

8g o t 

fog 1 li 

< / / K(n,t,u)|u~t[( 1+3+1 ) p-1 (l-x(u)) p |/ lh(w)| p aw|au at 

ag o t 

fog 1 n 

< 6 -s / / K(n,t,u)|u^t J 1+ 3 +1 ^ +s_1 (l-x(uJ) p |/ | h(m)| p dw[dudt 

ag 9 t 



du dt 


J 2 1 


< 6 -s ilb|| p If K(n,t,u) |u-t[ 8tp 

V 1 ) ®8 0 

Making use of Corollary 1.7.7 it follows that 


M, 


h<~ l mi 




i p d) 


Finally, (2.2.2) follows from estimates of and Jg. 

The proof of (2.2.3) follows along the lines of the above proof 
but for one change that we do not have to decompose integration 
in u into the two parts denoted and Jg. 

Proof of Theorem 2.2.1. For t 6 L and u & I.., with the 
- - ^ * * - «— * * c x 

given assumptions on f we can vsrite( |~30, Corollary 18.20^ ) 

f(u) . *?" + Tg ^ iT! / U (u-w) 2 k+ 1 f ( 2 fc+ 8 \w) a., 
i — 0 t 

Hence, of x(u) is the characteristic function of 1^, we have 
1 

P n (f,t) = / K(n,t,u) f(u) du 
o 

1 1 

= / K(n,t ,u)x(u)f (u)du*-/ K(n,t,u)(l-x(u) )f(u)du 
0 ' o 

2k+l. f (i)/ + \ 1 i 

= S {• * f K(n,t,u) x(u) (u-t) 1 du} 

i=0 1 * o 

+ X^k+l)l f K C n > t » u )x(ii) / (u-w) 2k+ V^)(w) dw du 


o t 


+ / E(n,t,u)(l-x(u)) f(u) du 


2kKL Ai), + \ 1 4 

= -£ * 3}/^ S K(n, t,u)(u-t/ du 


i=0 



+ (2k+l')V / 1 K(n,t,a) x (u)/ U (a- w ) 2k+1 f (2k+2) (w)dw du 
o t 

1 

+ / K(n, t,u)( l~x(u)) f(u) da 
o 

2k+.l f (i) m 1 , 

+ 2 -4—' / K(n,t,a)(x(u)-l)(u-t) 1 da} 

i=0 11 o 

There fore , 

2k+l ^(i)/ + \ k 1 . 

P (f,k,t)-f(t) ={ 2 1 . 7 ^i { 2 c( j,k )/ K(d .n, t , a)( u-t ) x da}} 

n i=l ^ j=0 o ^ 


X 

+ t&k+T)T { .2 Q C(3,k){/ K(d ; .n,t,a)x(u) * 

* { / (a-w) 2k+X f ( 2ic+2 \w)dw da}}} 
t 

k 1 

+ { 2 c ( 3 ,k ) { / K(d n,t,u)(l-X(a)) f(u) du}} 

3=0 o 3 

2k+l _p(i), + \ k 1 - 

+ { 2 ±-. xzJ' { 2 c(3,k) t / K(d .n,t,a)(x(u)-l)Cu-t) da }}} 

i=0 3=0 o 3 


(2.2.4) = Z ± (±) + 2 2 (t) + 2 3 (t) + 2 4 (t), say. 

k 

In view of the fact that 2 c(3,k)dT =0,m=l,2, . . . ,k, we obtain 

3=0 3 


from Corollary 1.7.3, } 1 2 ^ J | < 

W 


n 


2k+l 

z ||f 

i=l 


Ci) 


yv 


). 


Making ase of Lemma 1.2.2 we obtain another bound for the 
expression on tfte right side, i.e., 

t 


M- 


Ulf (2k + 2) U 

X p ' X 2 ' 


I l f li 


VV 


), 


where M 4 and Mj, are certain constants. 



Ite estimate llz„[l < - |[£( 21a ’ 2 )|l 

2 yip - n k+i "yip 

follows from the estimate of in Proposition 2.2.2, 

Taking £ = k+1 in lemma 1,7.9 and using boundedness of c(j,k) f s 
?/e have 

||E„|[ < j|£|l 

3 l p (I 2 ) " n k+1 "i p (I> 

Due to the presence of the factor (x(u)-l) it easily follows 
from lemma 1.7.9 that for all t e Ig 

1 i M /t 

/ K(n,t,u) (x(u)-l)(u-t) 1 du < i . 
o n 

This,alongwith lemma 1.2.2, implies that 


M. 


!l S 4lL _ v — “k+i 


(l ML > + || f ( 2l£+2)j| _ ). 

VV 


yy - p 

The theorem now follows from (2.2.4) and the estimates of 
Z Zg » Z^j and Z^. 

Corollary^ 2.2.3 • let 1 < p < °° and f 6 1^(1). If f 
has 2k+2 derivatives on I with f( 21c +l) g a.O.(I) and 

^(2k+2) g j* (I), then for some constant M 
(2,2.5) |jp n (f,k,t)-f(t)|| 

V i; 

iJ«dlf ( 2 fe 2 ) ll LCI)+ llf|l i (I) >. 

P P 

Proceeding as in the proof of Theorem 2.2.1 and using the 
second assertion (2,2*3) of Proposition 2.2.2 we obtain its proof 



Theorem 2.2.4. Let f e 1-^1). If f has 2k+l derivatives 
on I ± with f (2k ^ e A.C. (I 1 ) and f^ 2k+1 ^ e B.V.(I 1 ), then for 
some constant M 


(2.2.6) ||E (f,k,t)-f(t)j| 

l i(i 8 ) 

< - in { i jfCSto-iJj | 


B.V.dp 


| f (2k+l). 


^*1^2 ^ 


+ ll f il 


> . 


First we prove an auxiliary result from which the proof 
of the theorem will follow easily. 

Proposition 2.2.5. Let he B.V.(I). Then for i, jel° 
and a fixed positive number a 

(2.2.7) ||P n (ju-t| i |/’ 1 |u-w|3|db(w)||,t)|| 

* 

< It, { n -U+3+l)/2ji h li +n~ ll | I hi I }, 

1 B.T.dp "B.T.(I) 

where is a constant. 


u 


Furthermore, ||p flu-tl 1 !/ I u-w| 3 |dh(w)| I ,t )i I 

t l^(I) 

< Mg n-C i +i+n/8|| h || 

v * (1 / 

where Mg is another constant. 

Proof. Let x(u) be characteristic function of 1^. 


Then 



5U 


2 1 


u 


= / / j u-w{ **| dh(w)j | dadt 

3g O t 

bg ^ 

£ / / K(n,t,a)[ u-tj i+ ^|/ |dh(w)J [da dt 

ag o t 

bg 1 ■ 

= f f x(a)E(n > t»u)iu-t \ U \f t-db(w)|t^ dt 

Og o t 

bg i 

+ f f (l-x(a) )K(n,t ,a)| a-tj i+ ^{/ jdh(w)| | da dt 
ag o t 

= J-j_ + Jgj say 

First we estimate Jg, We note that the variables u and t 
are such that |a-t[ > 6 where 6 = min (b^-bg,ag-*a^)* Hence 
choosing £ sufficiently large so that s = 2£ - (i+a) > 0 we 

have b o 9 

2 1 1 a-t| a 

Jg < / / (l-x(a))K(n,t,u) — - - j / | dh(w)[ | da dt 

3g o 6 *fc 

1 

<3VU||h|| (/ K(n,t,u)ja-t| 2£ da). 

B.V.(I) o 

Applying Corollary 1*7.7 we obtain 

For each n there exists a nonnegative . integer r = r(n) 

v» yi. *| 

sach that - < max {b^-ag^g-a^} < 

We have , 

J 1 = / 2 / K(n,t,u)| a-tj i+ ^J/ Jdh(w)| | da dt 

Qg 



u 


f S K(n, t,a)| X(w)J dh(w)j { du dt 

®2 a l t 

X ^2 4 / 2 —1/2 

“ a =0 "L f ^ . K ( n » t » u )|u--^l 1+ ^(/ x(w)|dh(w)j ) du 

t-£n“ 4 / 2 _ ^ 

+ ^ 1/g K ^ n > t > u )| u - t l 1+;S (/ x(w)|aii(w)| )au} at. 

t-(*+l)n-V2 t-(t + l)n-V2 

Let X t,c,d^ w ^ denote characteristic function of interval 

t * ” cn 1//2 j "t + dn -1 / 2 ]] where c,d e IN 0 . Then 
r b 2 t+^+ljn" 1 / 2 

J 1 - A f l f . K(n,t,u) n 2 A |u-tj i+ 3+4 

£=1 «2 t+jm -1 / 2 1 

t+(s,+l)n -1 / 2 

X { { x(w)x t> 0 ^ + 1 (w)|dh(w)| } du 

t -An” 1 / 2 

+ / K(n,t,u)n 2 *"' 4 |u-t| :L+ 3 +4 x 

t-(£+l)n“ 1 / 2 


x { / x(w)X|. 0i£ +1 (w)!dh(w)|}du3dt 

t-(£ +l)n" 1 / 2 ’• 


bg hg+n ” 1 / 2 


-FNTRW- '-’ brARX 


fl t - 1 , ■’ 


+ i 4-n-V2 K ( n,t.«)|u-t ! i+3 -p^ 2S4 4- 

t+n -1 / 2 

X A x(w)x tjl>1 (w)|dh(w)|}du dt 

"fc —21 * 


r 2 b 2 t+(t+l)n -1 /2 . 

“i=i t r j 'L {/ 1/2 K(n * t,u)|u.t| " j* 4 x 

' “2 t+»n -1 /2 

b l 

x t,o,t + i( w >l ah C”)| ) au + 
a l 



t-«rV 8 bl 

+/ K(n,t,u)|u-t| 1+ 3 +4 / x t>)l+li0 (w)|ah(w)|au}at} 

t-(U+l)n _1 / e *1 


b 2 b B +I1 " 1/2 


(2.2.8) + / / K(n,t,u)| u-tj i+ ^(/ ^ ^ ^(vy) |dh(w) | )dudt. 

32 ^-n” 1 / 2 a l 


We use moment estimates given by Corollary 1.7.7 to 
1 

obtain a bound for / K(n f t,u)|u-t| i+ 3 +4 du and in the next step 

o 


we apply Pub ini’s theorem. Ihus 

r 


b 2 b l 


J 1 < M 4 n - ( 1+ 3V 2 { j 1 {/ / X. o jt+i( w )l dh Wl dt 

a=l £ ag a 1 99 


b 2 \ 


b 2 b l 


+ / / x t £+1 0 (w)[dh(w)Jdt}+/ / x t 1 1 (w)|dh(w)|dt> 

3g a l ®2 a l * * 


r b l b 2 

= M> n"^ i+ 3)/ 2 { 2 ■—{/ (/ X t Q £+1 (w)dt)|dh(w)| 

* =1 £ a i ^ • ' * 


b- b 0 
1 & 


b l b 2 


+/ c/ X t a + 1 0 (w)dtjdh(w)|}+/ (/ X t x 1 (w)dt)|.dh(w)|} 

a l ®2 ’ ’ a l 


w 


s h 4 n^ i+ ^/ 2 { 2 (/ jdh(w)| (/ dt) 

1=1 % a^ w-(A+l)n’ 


+ f |dh(w)| (/ 

a-L w 


b l w+n"* 1 / 2 

dt) } + / | dh(w)((/ dt)} 


w+Ca+Dn -1 / 2 "1 w-n 


— n” d / 2 


w-n 


< M. n - ( i+ 3 +1 V 2 ( 4 ( 2 ^) + 2)j | h| | 

~ * ' 

< n"*C :L+ 3 +1 V 2 || hj | 


— m 4 ** * *V ~ 3 ' # 1 » l * -n T r / T \ 

4 a=i A ' 5 B.V.(I 1 ) 


B.Y.(I 1 ) 



The estimates of and Jg complete the proof of (2.2,7). 

The second assertion of Proposition 2.2.5 follows in a 
similar fashion. 

Proof of The ore m_ £.2.4. Since f ( 2ic +l) g b.v.(I^), it 
fo Hews from Theorem 17.17 of :so3 that f(2£+l) j_ s continuous 
a.e. on 1^. This alongwith Theorem 14.1 of implies that 

for almost all values of t e Ig and all values of u e 1^ 


f(u) = 2 | +1 f (i) (t)+ ^+TJI f (u-w) 2k+1 df( 2k+1 \w). 


Let x(u) be the characteristic function of 1^. Then writing 
f = f X + f (1-x) and using the above equation in the next step, 
we have for almost all values of t e Ig, 


P n (f,t) = P n (xf,t) + P n ((l-x)f,t) 


2k+l \ 

= 2 {i P (xC^Cu-t) 1 ^)}^- P ((1-x) f,t) 

i=0 • L * 

+ (gfcVl/! { U (-w) 2k+1 df< 2k+l) (w),t) 

2k+l ±) f + \ 

= S ' v 1 V- E n ((u-t) 1 ,t)}+ p ((l-x)f.t) 
i=o 1 * 

+ X5&i).r r n (x(“) /V-w} 2k+1 af (2k+1) (w),t) 

2k+l Ai')i + \ i 

+ , z { “'iP 


Since in the Lebesgue integral deleting a set of measure 
zero is immaterial, we obtain from above 



L i(V 

2 kf* l-i / . \ . % 

< z {fr||f U) (t)cp ((i t -t)\k > t>>|| > 

1=1 n l i( I 2> 

+ l|p ((1-X)f,k,t)|| 

L l( X 2> 

+ (2k+l7T H p n (x( u )/ (u-w) 2k+1 df^ 2k+1 ^(w),k,t)|| 

* L 1 (I 2^ 

2k+l .. / • \ . . 

+ i {jr || f u; (t){p n ((x(u)-i)(u-t)\*,t)}|| > 

1=0 A * 11 L^Ig) 

(2.2.9) = ^i + ^2 + ^2 + ^4 * say* 

Proceeding as in the proof of estimates of s^, Z 3 and Z 4 of 
Theorem 2.2.1, we obtain 


M, 




n 


M* 

2o <“Will f li 

2 - n k+1 11 L 1 (I) 

and 

z i i -fal Ul ft2k+1) ll + ||£|| ). 

4 “n* 1 "lijClg) L^(Ig ) 


Finally, using the first assertion of Proposition 2.2.5 


M, 




The proof follows from (2.2.9) and the estimates of to 2^. 

Proceeding in the manner of the proof of above Theorem 2.2.4 
and using second assertion of Proposition 2.2,5 we get 



Corollary 2,2. 6 • Let f 6 1^(1), Iff has derivatives 
to the order 2kKL, f( 2k ) g A.C.(I) and f( 2k+1 ) e B.Y.(I), then 
there holds for some constant M 


(2.2.10) l|P n (f,k,t)-f(t)j| 


1^(1) 

{ || f (2k+l)«j + | | f (2k+l)j j 

B.V . (I ) “ 1^(1) 


< M . . 
- ' k+1 
n 


+ l |f J | y • 

Lid) 

Theorem 2.2.7. Let 1 < p < 00 and f e L (I). Then for 
sufficiently large values of n 


(2.2.11) ||P n (f,k,t) - f(t)|| 




< M{ “g] £+ 2( f .»' :L/2 .P. I l>*- n ' (k+:L ' > ll f ll , 

V I) 


where M is a constant. 


Proof. Let f^ gj^gd) Be the Steklov mean of (2k+2)th 
order corresponding to f(u) where n > 0 is sufficiently small 
and f(u) is defined as zero outside I. Then 


| |P (f,k,t)-f(t)| | < ||P n (f-f n , 2k+2 , k ,t)|| 

L r Mo) * K&o) 


+ l i P n^ f n,2k+2 ,k » t )-*f n j2k+2 ('t)l ^ ^1 1-^ ^ y 


(2,2.12) = J 1 + J 2 + J 3 , say. 

We choose numbers a* and b* such that a^ < a* < ag < bg < 
b* < b^. Let x( u.) be the characteristic function of £a*,b*^I. 



56 


Using (1.5.2) and Lemmas 1*7.8 and 1.7.9, we obtain an estimate 
of J y . 


J 1 — l l' E> n^ X ^ f "^n,2k+2 ^ 11 


W 


+ l|P n ((l-xXf-f I1> 2 k+E ),k,t)|| 




W 


In view of Lemma 1.3.1 this can be further bounded as 


(2.2.13) Jj. < M 2 { “8 te -2( f .''.P.I 1 ) + n " (k+1) |UII T >• 

v IJ 

Next, it follows from Theorems 2.2.1, 2.2.4 respectively 
for the cases p > 1 and p = 1, Lemma 1.2.2 and the fact 


f (2k+2) 

. )> 2ta-2" li |- a * b *-j 


~ | if( 21C+1 )i I 

“ » * n,21t+2H 


BJ.[a* b # 3 


that, 


J 2 ^ ' n k+I ( 1 l f ^,S:+2l l L £ a * fb *2 + l Ij, (I) 


} . 


P- - P 

This, in conjunction with the estimates (1.3.2) and (1.3.4), 
implies that 

M, 


(2.2.14) Jg < - l| r {>l“ (21a - 2) »2k + 2( f »"»P.Il)+l|f|L , T >• 

L pU) 


n 


Also, by (1,3.3) of Lemma 1.3.1 


(2.2.15) J g K Mg ,p , ^ a # ,b*^J ) . 

Finally, takiDg n= n” 1 / 2 and (2.2.12) to (2.2.15) 
combined complete the proof. 



Theorem 2.2.8. Let f e C 21c+2 (I). Then there holds 
(2.2.16) P (f,k,t)-f(t) = n“( k+1 ^ { 2 2 +2 Q(i,k,t)f( i \t) > 


i=l 

+ o(n"^ k+1 ^), (n - »), 

uniformly in t e I, where Q(i,k,t)'s are certain polynomials 
in t . 

Proof. Por some £ lying between u and t we have 

2k+2 ( . xi /.x , . \2k+2 

(2.2.17) f(u) - Z Q f^(t) + L^ )V x 

x (f^ 2k+2 ^(5)-f( 2k+2 ^(t)). 

Since f( 21s: +2) g 0(1), given an arbitrary S > 0, there exists 
a 6 > 0 such that 

|f( 2k+2 )(x) - f^ 2k+2 ^(y)| < 0, whenever |x-y| < 6. 

Therefore, for all u, t belonging to I 
| ( u-t ) 2 k+ 2 ( f ( 2k+2 ) ( 5 ^f (2k+2 )( t ) )| < e ( u _t) 2k+2 

+ % ||f( 2k+2 )|| (u-t) 2k+4 . 

6 2 'c(I) 

This implies, by positivity of P (,,t) and Oorollary 1.7.7, that 

(2.2.18) |P n ((u-t) 2k+2 (f^ 2k+2 ^(C)-f^ 2k+2 \t)),t)| 

✓ M 1\ 

'Jfc+i ve + 5 ). 


n 


m 


Prom Oorollary 1*7*3 and the fact that Z c( j,k)dT = 0, 

j=0 3 

m = l,2,...,k, it follows that 

(2.2.19) P n ( (ur-tjf >k,t.) = n~( kfl ^Q(i,k,t)+o(n'"^ k+1 ^), n 


n 



where i = l,2,...,2k+2 and the o-term holds uniformly in t e I, 

.Applying the operator P n ( . ,k,t) to (2.2.17), we obtain 

2k+2 f .(i)/ + \ - 

P n (f,k,t)-f(t) = Z P n ((u^t)^,i:,t) 

(2.2.20) + 12k+2‘)T p n< (u-t) 2k+2 (f^ k+2) (5)-f^ 2k+2) (t)),k,t) 

Since e > 0 is arbitrary, we obtain from (2.2.18), (2.2.19) and 

( 2 . 2 . 20 ) 

P (f,k,t)-f(t) = n" (k+1 ){ 2 Q(i,k,t)f (1 \t)> + o(n“( k+1 )), 

i=l 

as n - co y where the o-term holds uniformly in t 6 X. 

2 .3 IH7ERSE. THEOREM 

In view of theorem 2.2.7 it follows that if 1 < p < °°, 
f e L (I), a be a positive number _< 2k+2 and 

Jr 

w 2k+2^ 5 T * ^1^ = ^( T ) T then 

| |P (f 1 = OCn - ®/ 2 ) as n - 

VV 

Here we prove a corresponding local inverse theorem over 
contracting intervals. In the proof of this theorem we require 
some auxiliary results which we prove first. Lemmas 2.3.2 and 
2.3.3 are proved by using earlier results. Lemma 2.3.4 is a 
Bernstein-type inequality for Bernste in-Kantorovitch polynomials 
in L^-norm. This is proved by making use of the Riesz-3horin 
interpolation theorem. Finally we prove the inverse theorem 
by induction on a. It may be observed that in proving the 
inverse theorem without any loss of generality we may assume 



th^t the function has a compact support contained in the interval 
(0,1). To prove this , let a,b he such that 0 < a < a^ < 
h^ < b < 1. ffle choose g e c“ such that g(x) = 1 for x 6 Ca,b3 
and supp gc (0,1). Then, by Lemma 1.7.9 

i l p n ( f g>k,t) - (fg)(t)j j 

W 

< l|P n (f,k,t)-f(t)|| +i|P n (fg-f,k,t)|! 

V l } 

= ||P n (f,k,t)-f(t)|| + o(n~ s ')| [f| | (n-co), 

L p (I l } L p (I i ; 

where s, is any fixed but arbitrary positive number. Thus, 
otherwise, instead of f we may work with fg which has a 
compact support contained in (0,1). 

Theorem 2.3.1. let 0 < a < 2k+2, 1 < p < 00 and 

f e 1 ( I ) • Then 
P 

(2.3.1) ||B n (f,k,t)-f(t)|| =0 (n -01 / 2 ), (n - 

V 1 !' 

implies that 

(2.3.2) U 2l£h2^ ,T >P , '^2 ^ = ( T "* ® 

Lem ma 2.3.2. Let 1 < p < °°» h 6 L (I) and i,j e IN°. 

P 

Then for a fixed positive number A there holds .for some 
constant M 

n . (v+ l)/(ni'l) 

(2.3.3) | j(nH) 2 { p (tJlI-tj 1 J \ u-tj 3 x 

v=0 iA v/(rn-l) 

l{ 1 k(w)| dw|du )| j 

11 1 p (I 2 ) 


X 



< K {n“( i+ 3 +1 )/ 2 | |h| | + iT*l|hl| } . 

W I p (D 

Proof_ of the Lemma. We first consider the case p > l» 
Making use of Holder’s inequality and Corollary 1.7.6 


n 

I 

v =0 


(v + l)/(n+l) . u 

L n { PnvWIn - f .. (»f l)Ju-t| 3 |/ | h(w)|dw[du} 

v/(nf 1) t 


v=0 


n 


1 s - Pnv (t) 


v =0 


<}' 


y+l)/(nn) 


s>/(m-l) 


(n+l) j u-tj 3 \f j h(w) |dw|du} p y^/P 


«»i /p ^ (v + 1 _)/(n$- 1 _) . 

< M i n • { 2 p v (t ){/ (m-l)j u-t| 3 * 

V =0 v/(rn-l) 

* | / | h(w)[dw|du} p >VP. 

t 

Using Jensen 1 s inequality twice the above expression is bounded 

by 


u 


4/o n (v+l)/( n-j- 1 ) . w. . / 

M 1 n" / 2 { S p n (t){ / (rn-l)[ u-t[ 3P [/ |h(w)|dw| p du }}VP 

x v =0 v /(nfl) t 

<M 1 n“ ;L / 2 { 2 p (t){/ V+1 ^ (nfl \nH)|u-t| (3+Dp- 1 x 

” 1 v =0 nv v/(r*l) 

x [/ |h(w)| p dwjdu}]?"/ p 
t 

= M 1 n“V 2 , { p n ( | u-tj Q+Dp-lj/ | h(w)J p dw| ,t) ^/P, 

t 

Now, proceeding as in the proof of Proposition 2.2.2 we obtain 
(2.3 .3 ) • 


For the case p = 1, proceeding along the lines of proof 


of Proposition 2.2.5, we have to es-timate the expression 



<J X 


n . ( v -H)/(r*l) 

2 ^ |u-t| r <3- u} in place of 

v=0 v v /(ih-1 ) 

1 

f K(n,t,u)|u-t| au occuring in equation ( 2,2*8) • 
o 

Phis is done by using Holder's inequality and the moment 
estimates for Be rnste in polynomial and Be rnste in-Kantorovitch 
(Corollaries 1.7.6 and 1.7.7) j 


n 


i I' , +l)/<rH-l) 


(2.3.4) 2 p (t^g-tl^r 

v =0 nv ‘ n v/(nn) 


(nf l)j u-t{ r du} 


< Sp nv Ct) 


v =0 


v =0 

(v +l)7(n-l) r n 1 /„ 

* { f (nfl)lu-ti du>^- 

v/X» 1) 


i/9 31 (V-+1)/(IH-1) „„ 

<M p n“ 1 / 2 { E p ( t)/ (nfl)ju-t| r< 3du} 1 /q. 

^ C r\ i-*- v -u // -i 'S 1 1 


V =0 


v /( nt- 1) 


< 


“2 


n 


lr+17/S' * 


Lemma 2^3.3. let 1 < p < h e I (I), and i e . Iben, 

XT 

for any fixed positive number i , there holds 
HP n (|u-t| l |b(u)|,t)| 




(2.3.5) 


^ ‘ n i/2 it 33 ! 


t i mi. 


L (I.) n* ”1 (I) 

p v 1 ' p v J 




where M is a constant. 


ProjDf. Let x(u) be the characteristic function of 1^. 
Using Jensen* s inequality 



i i> n(l a ~ t i 1 * | h ( u )l > t )| P = \S K(n,t,a)Ju-tJ 1 |h(u)jdu.| p 

0 

</ K(n,t,u)| u-t| h(u)| p du 

o 

1 

= / K(n,t,u)x(uj|u-t| ^jh(u)| p du 
o 

1 . 

+/ K(n,t,u)(l-x(u))| u-t| h(u)j p du 


(2.3.6) 


= J 1 (t)+Jg(t), say. 


It follows from Lemma 1.7.9 that 

tu 

(2.3.7) w «o. . 

ag 2 'X(I) 


( / J 2 (t)dt) 1 / p = 0(~) 1 1 h[ | , (n - ~). 

V 

Now, by Bubini's theorem we have 

^2 n ^2 (v+l)/(nfi) 

/ J 1 (t)dt = (»1){ 2 / p (t) / | N(u)| p J u-t| ^ x 

ag v=0 ag v/(rw-l) 

x x(u) du dt } 

n (v+1)/ (nfl) n J°2 . 

= (rtfl){ 2 / Jh(u)[ p x(u)/ p (t)| u-tj 3 ** dt du } 

v =0 v / (rn-1) ag 

By mean Value theorem, for some u Q 6 } i H Cag,bg3> 

the above expression becomes 

H ^*2 . (v + 1 )/ ( IH- 1 ) 

(nt-l){ 2 (/ p v (t)|u -t| ^dt)(/ . j h(u)( p x(u)du) J 

v =0 ag v/(nH) 

1 1 

It follows from (2. 1.4) and the fact / p n ^(t)dt = * 

for any integer r > ip 

/p n v( t )lV t l Vit i ig. { / 1 Pnv (tJ l“o" t i r at 


n 


that 



w 


Therefore , 
(2.3.8) 


< 





S J 1 (t)dt 


M, 


n 


2 

5>75 


< i | h| 1 P 


L (I. 
P • 


Now the lemma follows from (2.3.6), (2.3.7) and (2.3.8). 

Lemma 2. 5.4 . Let 1 < p < ■» and h 6 L (I) with 

P 

supp h c 1 2 njhen 


(2.3.9) ||^ 2k+8:) (b > t)|| < M n k+1 1 1 h[ I 

W~ w 

M being a constant independent of n and h. 

If, in addition, h- has 2k+2 derivatives with h (2k+l) g a<c .(I 2 ) 
and h^ 2k+2 ^ e L (I ? ) , then 

(2.3.10) ||P^ 2k+2) (h,t)|| < M 1 | jh^ 2k+2 ^j | , 

L p (I 2 } L p (I 2' ) 

the constant being independent of n and h. 


Proof. By Lemma 1.7.4 
n 


p (2k+2) (hjt) = (nfl ) { s { £ (2k+2) (t)n i+3 (t)(i-tp) 

xi n a a X-J XiV XI 


v=0 i,j 


. (v+l)/ (nt-l) / pv. o ) 

*{/ h(u) du >} T 

v/(nfl) 


where i,3 are non-negative integers satisfying 2i+j < 2 k+2, 
First we obtain a bound for P^ 2k+2 \h,t) in L^Ig) norm. 
Using boundedness of 3f^ 2k+2 ^(t ) on Ig and Fab ini’ s theorem 


we have 


li p (2k + 2) (h>t) || < MgCrw-l) { Z n U i{ Z h( 

11 L^Ig)- * i ,3 v=0 v/(nfl) 

*(/ Pnv^^n” 11 ! 5 dt ) du}} * 
o 

Since supp lie Ig, it follows from Corollary 2,1.2 that 

(2.3.11) | |p( i 2k+2 )(i 1 ,t)| j < n k+1 | | hj | 

i^Cig) i^Cig) 

For p = oo we obtain after applying Corollary 2.1.2 

(2.3.12) il4 8k+2 W)|l < V tol H h ll T /T ,* 

L oo( I 2 ' L oo( I 2 ' 

Writing M = max(M^,M 3 ), (2.3.9) follows from (2.3. U), (2.3.12) 
and the Riesz-Thorin interpolation theorem (lemma 1.2.3). 

To prove (2.3.10), for u,t e Ig, we write 

h(u) = 2 f 1 h(i)(t) + . ( ^ 1)r /(a-w) 2k+1 h< 2k+s >(w)a w> 

i — * 0 t 

so that 

2kH-l - n (i)/x\ 1 

P n (h, X )=.Z o -j/ \((u-t) ,x) 

+ X2kil/l p n^ £ (u^w) 2k+ V 2k+2) (w) dw, x). 

Since P n (.,x) maps algebraic polynomials into algebraic 
polynomials of same degree, 

p (^2k+2)( lljt = P^ 2k+2 ^ (/ U (u-w) 2k+1 h (2k+2 \w)dw, t) 


= (2k+l)1 < i 2.n i+j qi§ k+2) (t)f( Wl ) { J o P nv (t)(|-t 
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I- (2k+2) </ V+1) / (Wl) /V-w^W^wMw du}})}. 

v/(nfl) t 


Hence by lemma 2.3*2 


I |4 2l£+8) (h,t)||_ , < M ||h (2k+2) ||. 


V*2> 


V 1 ^ 


completing the proof. 


Proof of The prem 2.3.1. let (ac^y ), i= 1,2,3 satisfy 


a-, < x n < x 0 < x, < 


3 < ag < bg < y 3 < y 2 < y < b^. We choose a 
function g e G^ k+2 such that supp g a (x^y^) and g(t) = 1 
for t e Writing fg = f, for all values of y < t 

we have 


(2.3.13) || 4 2 k+z f(t)|| 


i C k g.y 2 3 


< ||if +e «(t)-p J1 (f.k.t)}|| 




+ H^ 2 P n (f,k,t)||_ 




How, by lemma 1.1.2 


iK t+2 p n cf, k ,t)ii 


p[> 2 ’ y X 


* y ,( 2 k + 2 ),- 239 - 2 


= 11/ .../p^ 


(f,k,t+ 2 z i )iz 1 ... izgk+gl I r 

o - ^p&a-ysll 

How by Jensen’ s inequality 

Zk + Z ■ .p 


|/ .../ p(2 k +2.>(f,k,t+ s z i )az 1 . ..azg k+ 2 l 
o o i=l 



bb 


Y Y 


- yP_1 {'{ " { |P^ k+ 2 ) (f,k,iH- 2 Y Zi )la Zl ..d Z8k+1 )P i Zsk+1 


fhus we see from here that repeated, application of Jensen’s 

inequality (2kt-2 times) gives 

Y Y f m-i o 'S — 2k+2 

■ £ 

oo“ i=l 


Y Y /’o'u-j.o 'i — 2k+2 

|/ P^ 2k+2J (f,k,t+ £ Zj _) ^..dag^gp 


< y ( 2k+2)(p-i)/ _ J ,p(»«) ( t lk ,fT% 1 )|P az 1 ..a Zgk+2 . 

O 0 1=1 


2k+2 


Also using PubjLni* s theorem repeatedly we obtain 

/V ••/ P^ 21c+2) (f,k,tt 8 £ +2 Zl ) a Zl ..az 2k+2 [ p at 


x 2 o o 


i=l 


< Y (2k+2)(p-l) x 

Y V y 2 /0Vl0 x - 2 k +2 

S »*S f [P^ (f,k,t+ I z.j_)| P dt dz^.dzg-^g 

o o x 0 i=l 


< Y( 2k+2)P ||P^ 2k+2) (f,k,t)|| P » 

L D £- X 2’ y 2-1 


where Xg = Xg and yg = yg + (2k+2)Y 


Hence 

,2k+2 




< Y ( 2k+2 )|Jp( 2k + 2 \f,k,t)[| ; 

L pl- 3 2» y 2 J 

lY2 k + 3 {llE ( 2 k +2 ) (f ^ i2k+8>k(t)1 ^^ >y ^ 

+ ||P^ 2k+2 \f n,2k+2 ,k,t H1. 


P 


L pC*2*y 2 Il 



OY 


Hence Lemma 2.3.4 implies that for all sufficiently small n > 0 

Il 4 k+E r n (f.t.t)|t 

L pL^ 8 .y 2 3 

< M 4 Y 2k+8 (n^| |f-f„ 2iH . 2 || _+l L r -> • 

ipCl^.ygJ ’ ^C*g.y 2 3 

This, in conjunction with the estimates obtained in (1.3.2) 
and (1.3.3), gives 


(2.3.14) ||4* k+8 P 11 (f,k,t)|| 


i[> 2 .y 2 3 


- M 4 yZy * 2 (- :iZ+1 + “ai+fe- 1 “2k+2^ ,n,p ’ 3 x 2.y 2 3 j- 

The next major step is to show that 
(2.3.15) ||A? k+2 '{f(t)-P n (f,k,t)}|| 


=0(n~ a / 2 )(n — 00 ). 


for, after having proved (2.3.15) we may combine (2.3.13), 
(2.3.14) and (2.3.15) to get 

IUf* 2 £(t)|| T _ 

L P Cx 2 .y 2 3 

< M 5 '■■a;2 + i 2k+2 ( Jlk+:L+ '2k+s ) “2k + 2^. , '>i>.IIx 2 ,y 2 3)} 
31 1 n 

Then choosing n such that n < n < 2n, we obtain 

\2hH*2 oj 


1 a! 


2k+2 “ 

y 


iC-t)! i T _ < m^C-?*** “ 2k+ 2l f . n >P.C%>y 2 3n. 

ipCxa.ygH 


Since this holds for all 1 < T , ve have 
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"2k + a( f > T >P>Cxg,y z 3 ) < 2M 5 {T,“ + (I) Sk+S “ 2k+8 (f,n,p,[:xg,y 2 3 )>. 
2his implies, by Lemma 1.3.7, that 

W Ek+2^» T »P»C x 2» y £3 ) = 0( tCC )» ( t ^ 0). 

Therefore, as f(t) = f(t) for t e [> 3 ,y 5 3 

W 2k+2^ f » T *P* I 2> = ( T ^ °)» 

as required. 

We prove (2.3.15) by induction on a. Consider first 
the case when a < 1. 


l|P n (fg.lc,t)-(fg)(t)|l _ 

ipOg.ygH 

< ||E n ((f(u)-f(-t)) g(t),k,-t)|| 

+ !|E n (f(u)(g('0-g(t)),Ic,t)| I 

ipC^.yga 


= ||g(t){p (f,k,t)_f(t)}|| 

ipCxg.yal 


+ l i p nC :C ( -t Jg' ( e 1 , 

ipCxg.ygD 

for some € lying between u and t. We use Lemma 2.3.3 to obtain 
a bound for the second term. This alongwith (2.3.1) gives 


||p n (fg,k,tMfgXt)|i _ < 



This proves (2.3.15) when a < 1* 



How we assume that for some r < 2k+l, the theorem holds for 
all values of a satisfying r-1 < a < r. We are then to show 
that the theorem also remains valid for all a satisfying 
r < a < r+1. For this if f^ is the Steklov mean of 

(2k+2)th order corresponding to f(u), 

I |E n (fg,Js: ) t)-(fg)(t)| | 

< ||P n ((f(u)-f(t))g(t),k,t)|| 

ipCxg.ygl] 


+ ||P (f(u)(g(u)-g(t)),k,t){ j 


l d C >y s 1 


< + j |P n ((f (u)-f Ti ^2 k+2 (u))(g(u)-g(t)),k,t) j | 


L n 02**23 


+ l|Sn(( f n,2k+2( u ^- f T 1 ,21a-2 (t ))(g(^)-g(-t)),M)|| 

+ n E n ( f r,,2k + 2(' t) te( u) -s( t)) ' k > t) ll Ti r -i 

1 t*g. y 23 


1 D IIW 


(2.5.16) 


ajrg + J 1 + J 2 + J 3» say * 


By theorem 2.2.8 and (1.3.4) of lemma 1.3.1 


(2.3.17) 


J s ^ n wi 


Moreover, for some £ lying between u and t, 

Jl= ||E n ((£(>l)-fn,21 a .2( ,1 )Hl-t)g’(5),k,t)|l i |- X2>ys -] 
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1 I Is' 1 1 „, T ,f. 2 J°C3« k )| * 

0(1) 3=0 


, ' { l|S d3n (|f(u)-f ii>2 j a . 2 (u)|4u-t| t t)lt }). 

p L x 2 ,y 2-i 

Hence, by (1.3.3), (1.3.4) and Lemma 2.3,3, for any positive 
number a 


(8.3.18) ^<11^ <n-V2| lf . ftijgk+2 |^ ^ Tn +n- l ||f|| .1 

P 


\E*i**i2 " ’XU) 


We Have for some £ lying between u and t 

( f n,2k+2< U H ,2k+2 (t)) ^^ u) -s(t)) 

- r 2 ? +1 lu-t; 1 -(i) / + 1 A n ^a+l^k+g), , 

i ^ 1 it f n,2k+2( t - ) + X2k+*l')! * ( u “ w ) f n,2k+2^ w ^ dw> 

* ( 2 £ + l u r^ +1 g ( 2k+1 >(5) } 

it & v ' (2k+l)t K J 


= ( fek+ijr { j E 1 S IT (t ^ ( ^ ) 1 { / ( u-w) 2k+1 f^2)(w)dw } } 

n % (2k+2) ( 0(u-t) 2k+1 / U (u-w) 2k+3 i (2 |^(w)dw} 


((2k+l)t )‘ 

+ 2 I { . n,2kJ-| .... (u-t) 1+ 3 } 

1=1 3=1 i '3‘ 


(2k+l)(^ Sk+1 (u_t/ k +l+i (i) 

+ & "Cfe&.‘l)r 1 "l! f n,2k+2 (t:)> • 


Therefore, 


2k -CD 

Z " 
i^l 

« (/(u-w) gta - 1 f^g : flw)aw) ) k,t)i | 


J 2* tSfelTl'l * 


r\9 
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((2k+l)!> 


2 ll E nte ( 2 k + 2 ) ( 0 ( u - t ) 2k+1 


» / U (u-w) 2k+1 f^t.^(w)4w,k,-t)| | 


* ^ ^.7 S 1 

2k+l 2k . f . v , . s . 

+ < i=l 3=1 W 1 W n ((u-t) 1+ ^,t)||. 


1 2k+l r , . v 

+ {fekVlJl* i ^ 1 irll f n,2k+2 Ct) 


x E n ((u-t) 2k+1+ V sk+1) (e),k,t)|| 


\ Zx z > y s l 


( 2.3 . 19 ) — + ig + Lg + 2^, say • 

By Lemma 2.3.2, for any fixed positive number 

(2.3.20) H < Mg t £ -^ + f | |B%il l n 

n 


L p Oi » yiI [ 


+ t | | f (2k+2) j i •» 

+ n i | l :f n,2k+2'l y 

p 

and 

(2.3.21) £ j 

n p j . x 

+ L . i i f ( 2 k + 2 )i j 

+ n* 11 ". Zk+2li l (I) 1 

P V 

It follows from Corollary 1.7.3 and the ikct 


2 c(f,k) dT m = 0, m = 1,2,.. .,k, that 
3=0 3 


C x 2 , y 2-3 


} 


* 9 



Mo 2k+l s 

£ 3^ ll^Jk+gll 




). 


Hence by Lemma 1.2.2 
(2.3.22) 2, < 3 V ( i I 




Mq 2k+l /-v 


Using estimates (1.2.3) of Lemma 1.2.2 we have 
M 
ri 


(2.3.23) ^4 < >l(Hf ( n ^il 


T f“_ - i 1 ” 1 l^n ,2k+2^ T r- -j 

L pL x 2» y 2^ L p L x 2» y 23 


). 


If we choose points c,d such that a^ < c < x^ < y^ < 
d < b^, then by induction hypothesis we can assume that 


(2.3.24) 


b) 


2k+2 


U,^P,Cc, d l) = O^®"* 1 ), (ti - 0). 


This implies by Corollary 1.3.4 that also 

(2.3.25) “2k+l^ f ,n * C C »^I3 ) = 0( T ^ a ^*) i ( ^ "* 0). 


On taking a = 2k+2 and n = h”* 1 / 2 , it follows from 
(2.3.20), (2.3.21) and estimates (1.3.2) to (1.3.5) obtained 
in Lemma 1.3.1 that 


(2.3.26) £ 1 ,2g < M[ 0 { ~{y Z “ 2k+ 2(f.a -1/2 , P.IIc.a]) 


+ -k+i ll £ IL ... J 


n 


■i p (d 


And from (2.3.22) and (2,3.23) 



(£.3.27) £ s ,2 4 < M ll{ -gfcnd.a-V^.p.Co.an ) 

+ >’ ll|f|l L (I) 1 ' 

P 

Thus we see from (2.3.24), (2.3.25), (2.3.26) aM 
(2.3.27) upon taking r, = n -1 / 2 that 

, x M 1P 

(2*3.28) 2^, Eg 5 and 2^ <_ - '^r> ♦ 

Also, taking n = n ^/ 2 and £ = k+1 we have from (2.3.18) and 
(2.3.24) 


(2.3.29) 


j < - 13 
1 " n “/ 2 ' 


Finally from (2.3.16) and the estimates of J., and 
J 3 obtained in (2.3.17), (2.3.19), (2.3.28) and (2.3.29) we 
conclude that 

||E n (fg,k > t)-(fg)(t)|| _ = 0(n-“/ s ), (n - 

From this follows (2.3.15) and hence the proof of the theorem. 
2.4 SATURATION THEOREM 

- / a _ .M ■' — i 

In this section we prove that in 1 - approximation where 
1 < p < °°, the sequence { P n ( .,k,t) } is saturated with the order 

0(n~( k+:1 ‘^). The nature of the saturation class depends on 
whether p = 1 or p > 1. The trivial class, however, remains 
the same for all p(l < p < °°). The theorem is in a local 
set-up over contracting intervals. 
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Theorem 2.4.1. Let 1 < p < « and f e L (I). Then, in 
the following, the implications « (i) ==> (ii) ==> (iii)" and 

"(iv) ==> (v) ==> (vi)*» hold. 


(i) ||B n Cf,k,t)-f(t)|l^ = 0(n-( l£+i;i ), (n-»); 

P 1 

(ii) f coincides a.e. with a function P on Ig having 2k+ 2 
derivatives such that (a) when p > 1, p( 2k+1 ) g A.C.(Ig) 
and p( 2k+2 ) e l p (I 2 ) and (b) when p = 1, P^ 21 ^ e A.G.(I 2 ) 
and p( 2k+1 ) e B.V.(I 2 ); 

(iii) | |P n (f,k,t)-f(t)J 1 = 0 (n-< k+1 ^), (n - oo); 

(t v ) ||P n (f,k,t)-f(t)l| = o(n"( k+1 ^), (n — «>). 

(v) f coincides a.e. with a function P onI g , where F is 
2 k +2 times continuously differentiable on I p and 

2k+ 2 /.v 

satisfies 2 Q(j,k,t) F^ J '(t) = 0, where Q(;j,k,t) are 
3 =1 

the polynomials oc curing in (2.2.16); 

(vi) I |P n (£,k,t)-£(t)|| = o(n" (k+1) ), (n-~). 

VV 

To prove the theorem we need the following lemma. 


Lemma 2.4.2. Let 1 _< p < h 6 L (I) with supp 

k c; (0,1). If h has 2k+l derivatives with h^ 2k ^ 0 A.O.(I) and 
h ( 2 k+l) © L ( X ) # then for each g g 0 2 ^+2 with gupp gc (o,l), 

there holds 


(2.4.1) |<E n (h,k,t)_h(t),g(t)>| < { |jh< 2k+1 ^| 


L p (D 


+ lthll , p (x) J ’ 



where the constant M does not depend on h or n 


Proof. 1 He have by Pah ini’s theorem 
1 11 

<;p n ( il »' b )>g(‘ t: )> = S P n (h,t)g(t)dt =J f K(n,t,u)h(u)g(t)du dt 

o o o 

1 1 

- f f K(n, t,u)h(u)g(t)dt du. 
o o 

For some % lying between a and t, this reduces to 

/Vk ( n,t,u)h(u){ 2 S +1 g( i )(u)+ fe u l 2 - k+2 g( 2k+2 )(c)}dt du 

o o i=0 1 * (2k+2)l 

2k+l -ill * / *\ 

= 2 {4y / / K(n,t,u)(t-u) 1 h(u)g'‘ i; (u)dt du> 
i=0 14 o o 

+ (2k+2)I ^ £ K ( n > t » u )( t - u ) 2k+2 Ku-)g^ 2k+2 ^(c)dt du. 

Writing h^(u) = h(u)g^ i \u), 0 < i < 2k+l, the above expression 

2k+l 1 1 . 

= 2 Tr / / K(n, t,u)(t-u) 1 h.(u)dt du 

i=0 1 * o o 1 

+ lfek + 57 , /yK(n,t,u)(t-u) 2k+2 h(u)g( 2l!:+2 \ 5 )at da 

2k+l ± 

(2.4.2) = ^ XT J i + X^k+2 )i J 2k+2> say * 

Then, 

11 1 

(2.4.3) s - f f K(n,t,u)h Q (u)dt du = / h 0 (u)du. 

o o o 

Using the fact that supp he: (0,1) and proceeding as 
in the estimate of in lemma 2.3.3 we obtain 

I - Wg I < C2&2 1 1 g (8k+2 ) | I £[ H u) |A(n, t ,u)(t-u) 2k+2 dt da 


M 



Next, for 1 < i <_ 2k+l, by Pubini* s theorem, we have 


1 1 


Jj_ = f S K(n,t,u)h i (u)(t-a) 1 du dt. 


o o 


Since h-^(u) can be expanded as 


Mu) = 2 

1 3=0 


^ ^ h$D(t) 


+ 


( 2k+ 1 


dw. 


hence 

J 


2k+l-i 


1 1 

= (-i) A 2 4r// K(n,t,u)h^)(t)(u-t) i+ 3 du dt 

1 3=0 3- ~ - i 


o o 


ill 

+ (2k+I-iji { { K(n,t,u)(u-t) 1 


* / (u-w) 21c+1 “ i h^ 2k+2 *' i \w)dw du dt 


i 2k+l-i 1 / -,\i 

(2.4.5) = (-1) 2 JT S i,3 + (2k+ 1-1)1 S i,2k+2-i> say< 

ti ^ 


It follows from lemma 2.3.2 that 


^2 i i T_(2k+2-i) 


(2.4,6) l S i,2k+2-il - ^k+'l I I h i 


Collecting (2.4.2) to (2.4.6) we obtain 


II 


LpCD 


2k+l 2k+l-i / - d. 

<P n (h,t),g(t)> = <h(t),g(t)> 4 .2 o S. f . 

2in-l / - \ 1 

+ ( 2 ||h Cl) | ) 0( ^.p, 

i*0 L p (I) rT^ 1 
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where the 0 -term does not depend on h. 
Since, for 0 < 3 < 2k+l-i, 

s i ,3 = { s n ((u-t) 1+ 3,t) at. 


we have 

<P n (h,k,t)-h(t),g(t)> 


2 k+l 2 k+l-i 
2 2 
i=l j =0 


XI 3 1 . 


X 


'(/ h(^(t) P n ((u-t ) 1+ 3,k,t ) dt ) 


2k+l / - \ 1 

+ ( i=0 l|h( 

p v ' 

Applying Corollary 1.7.3, Lemma 1.2.2 alongwith the fact that 
k 

2 c( 3 ,k) dT m = 0, m = l,2,...,k, to the terms on the right 

3=0 3 

side of the above expression, we obtain the inequality 2.4.1. 


Proof^ of Theorem 2.4 .1. Assume (i) of Theorem 2.4.1. 
Then it follows from inverse theorem (Theorem 2.3.1) and 
Theorem 1.3.2 that for < c < d < b^, f coincides a.e. on 
Qc,d[[] with a function P possessing an absolutely continuous 
derivative and a (2k+l)th derivative which 

belongs to L Qc,d3» Moreover, for any integer k, there holds 

ir 

for 0 < p < 1 

(2.4.7) “ k (5’^ 2IC+1 \f,p,[^c,d3 ) = 0 (t ^ ) , (t -* 0). 

We choose pairs of points x^,Xg ^ 1*^2 sUel1 i'kat a l x l < 

OVnO 

x 2 < ag < h 2 < y g < y 1 < b 1 . Let q e 0 o with support 



f 


q c (a 1 ,b 1 ) and q(t) = 1 for t e 0-^1]. 

Define a function G by G(u) = D(u)q(u), u 0 I. 
j_hen, | l^-pCG jkjt )— G-( t ) j J 

L pCx 2 »y 2 3 

< ii p n U»k,t)-f(t)j | 

L p L x 2 ,y 2 3 

+ [|P n (G-f,k,t)| | 

L P L^>y s 3 

It follows from lemma 1.7.9 that 


| |P n (S-f,t)|| = 0(n*( k+1 h, (n - 

L pt-X 2 ,y 2 D 

and hence 

||P n (G-f,k,t)|| = 0(n-< k+1 b, (n - ~). 

i p L^.y 2 3 

Ihis alongwith the hypothesis that (i) holds, implies 


(2.4.8) l|P (G,k,t)-G(t)|| 


I p [I^g.y 2 3 


= OCn - ^ 1 ^), (n - 


Now, if p > 1, it follows by Alaoglu's theorem (see Lemma 1.2,4) 

that there exists a function H(t) e L p C x 2 * ^ 2 3 such that for 

some subsequence {n } and for every g e C 21 ** 2 with supp g c (0,1) 

J o 

(2.4.9) lim n^ +1 <P (G,k,t)-G(t ),g(t )> = <H(t),g(t». 

n.. - ■« J j 

When p = 1, the functions <f> n (x) defined by 

(2.4.10) <j, n (x) = f n k+1 (P n (G,k,t)-G(t)} dt 

X 2 



are, by (2,4,8) uniformly bounded and are ox uniformly bounded 
■variation. Making use of Alaoglu's theorem (Lemma 1,2,4), it 
follows that there exists a function 4> 0 (x) of bounded variation 
over £x 2 ,J 2 2 such that for some subsequence {n. > and for 

2 hu. 2 

every g 6 C Q with supp g c (x 2 ,y 2 ) 
y 2 

(2.4.11) / g(t)d(* n> (t)-* o (t)) - 0, (n - «,). 

x 2 3 3 

y 2 

Now, f g(t )d( 4> n (t )- 4> 0 (t ) ) 

x 2 3 

y 2 y 2 

= / s(t) a*, (t) - j g(t)a* (t). 

x 2 3 x 2 

It follows from (2.4.10), Theorem 17.17 of CscQ and the fact 
that supp g c ( x 2» y 2^ thai: 
y 2 

J g(t)d(4, (t)-A (t)) 

x 2 3 

y 2 y 2 
= n^ +1 / g(t) CP (G-,k,t)-G(t)} dt + f g*(t U (t)dt. 

3 x g j x 2 0 

This together with (2.4.H) implies tnat 


(2.4.12) lim nr <P (G,k,t)-G(t),g(t)> = -<* Q (t),g (t)>, 

n. -* o° J -i 
3 ■ 

As the Steklov means G n 2X+2 for & Nave continuous derivatives 
of order upto 2k+2, using (2,4.7) for i = 0,1, .. . ,2k+l, there 
holds 

(2.4.33) l|S^ 2 ) k+2 -S (i) ll Ii ^ 

■IP 


- 0, ( n - 0) 
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By Theorem 2,2.8 


(2.4.14) £ n ^(G nj2k+ 2,k,t)-G^ 2k+2 (t) 

” n k+‘l P 2k+2^ D ^ G n,21JH-2^ t ^ + °^k+l^ 

3 n 3 

2 lx“i~2 

where ^k+s^^n.ac+aC*) = ^ Qd,t, 

ard the o-term may possibly depend on n • 

Hence, if £ 2k+2 (D) denotes tiie differential operator adjoint to 
P 2k+2^ I) ^ we have ( 2*4.14) 


<G n,2k+2^ t ^ P 2k+2^ I) ^^ t ^ > = <p 2k+2^ D ^ G n,2k+2^ t )»£(*)> 


Jk+1 


n^co n D <P n.^ G n,2k+2 ,k » t ^" G n,2k+2^ t ^ g ( t ^ > 


= n 1 - „ n T X „ > 2 k+s (t)-S(t),g<t)> 

3 J 

4* Tim 

n ?. 3 <? n (Gr,k,t )— G(t),g( t)> , 

3 3 


1 * e# > <G n,2k+2^ t ^ P 2k+2( I) ^ s ( t ^ > 


- lim nf 1 <P (G,k,t)-G(t),g(t)> 

ru -* oo *> 3 


i k+1 

n. -* «> ^ 


x™ a, <f n .(s n , 2k+ g-a,k,t)-(G„ )2Ji:+2 (t)-<Ht),6(tJ>. 


Hence, by lemma 2.4.2 
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<G T), 2 k+ 2 ^^ P Ek+ 2 (:D) S(t)>- lim n k+1 <P (G,k,t)-G(t),g( t)> 

7 n -► oo o ■ Li -? 

3 J 

(2*4*15) < I(| |^f^- 8(2k+1) | l Lp(I) + ll & n, S ^i- G i l L (I) i ■ 

Taking limit as n — 0 in (2.4.15) and using (2.4.13) we obtain 


(2.4.16) <G(t),P* k+2 (D)g(t)> = lam n *<B (G,k,t)-G-(t),g(t)>. 

n . co J 11 i 

3 J 


Comparing (2.4.16) with (2.4.9) ani (2.4.12) we have 


(2.4.17) <G(t),P^ k+2 (D)g(t)> ={ 


< H (iO»g(t)>, if p > 1, 


-< ^ 0 (^)»g*(t)>, if p = 1. 


Using integration by parts it easily follows that 


(2.4.18) <G(t)^* k+2 (D)g(t)> 


21c-h2 

= <Q(2k+2,k,t)G(t) + 2 I.(b.G)(t),g( 2k+2 \t)>, 

i=l 1 1 

where b i (t)are certain polynomials in t and denotes the ith 
iterated indefinite integral operator, namely 

t t 

I ± (t) = f ../ (.) dt...dt. 

1 oo 

S imilar ly 

(2.4.19) <H(t),g(t)> = <I 2k+2 (H)(t),g^ 2k+2 ^(t)>. 


When p > 1, from (2.4.18) and (2.4.19) we have 
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1 2k+2 

(2.4.20) / { Q(2k+2,k,t)G(t) + I i (l3 jL G)( t) -I 2i:+2 (H)(t )> * 

x g (2k+2) (t) = 0. 

It follows from Theorem 2.2.8 and lemma 1.7.1 that 

Q(2k+2,k,t) = c k (t(l-t)) k+1 , where c fc is a nonzero constant. 

This implies by lemma 1.1.1 and the assumed smoothness 
hypothesis for f (stated in the beginning of this proof) 
that &C 2k+1 ) e A.C. !T x 2 ,y 2 3 and & ( 2ic + 2 ) e 1 

Since G(u) = P(u) for u e Oi^xll » we have p( 2i:+1 ) e A.C.(I 2 ) 
and P^ 215 * 2 ^ e l p (Ig). 

When p = 1, proceeding similarly, we obtain I 1 ( 2k+ i) e B.V.(Ig). 
This completes the proof of the implication ” (i) ==> (ii) ,f . 

The implication " (ii) ==> (iii) tt follows from Theorem 2.2.1 
and 2.2.4, respectively for the cases p > 1 and p = 1. 

Assuming (iv) and proceeding as in the proof of the implication 
** (i) ==> (ii) M , we first find that H(t) and 4>(t) are zero 
functions. This does imply that P is 2k+2 times continuously 
differentiable function and that 3? 2 k +2 ( ] n nt) = o. 

Pinally "(v) ==> (vi) u holds by Theorem 2.2.8. 


This completes the proof. 



CHAP EES. Ill 

:, "**n'* - _ . * r . , — m » - 

1 p-^PRpXBlAEION^ BT^ ISEEEP OLAEOSI MODIP ICAELONS 
OP BERN S ERIN -KAN TORO V 1 1C H POLYNOMIALS 

■ r a«i T7 ~ w - tunr r k . t k :~ _ _ » v it r i r » i nr 1 * 

In Chapter II we showed that the linear combinations 
of Bernste in-Kantorovitch polynomials furnish an improved order 
of approximation in L^-norm . Also we proved a related inverse 
and saturation theorems. In this chapter we show that operators 
P n>m ( . >t) (defined in Section 6, Chapter I) may also be used to 
obtain a better order of approximation in 1 -norm (1 < p < °°). 
Next, we obtain corresponding inverse and saturation theorems. 

The proofs of these theorems make use of some estimates obtained 
in Chapter II. In Section 1 we establish the basic convergence 
of the sequence of Operators tP (.,t)} in L -norm (1 < p < °°). 

XX j ill . P — • 

In Section 2 we obtain bounds for the error in L^-approximat ion 
by P (.,t) in terms of norms of derivatives of function and 

H j lu 

also in terms of (mt-l)th modulus of smoothness of the function. 
In Section 3 we prove the inverse theorem and in Section 4 
the Euler-Maclaurin sum formula, with a remainder term is used 
to prove the saturation theorem. 

3,1 BASIC APPROXIMATION 

mm*. mm x v i _ r » < mm 

In this, section we first obtain a formula which expresses 
moments of the operators p njm ( •» t ) in terms of more familiar 
moments of the Bernstein polynomials. After this we show that 
the sequence { P n m ( f ,t)} is l^-bounded. Next we prove that 
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the sequence approximates continuous functions* 

This* together with the L^— boundedness of the sequence 
^n,m^ * ^ ^ » s ^° ws that it is an L -approximating sequence. 

Jtr 

Lemma 5.1.1. Let k el. Than 

(i) If k < m, P 11)n ((u-t) i; ,t) = 0, t e I; 

(ii) = (- 1 )” E n ( J 0 ( “ _t + 

= < j 0 £/* 

where a^’s are certain positive numbers? 

( iii ) If k > wl, 

V m *1 "K 

where b r *s are certain constants and' p(t) = t(l-t). 
Proof. By (1.6.1) we have 


(3.1.1) 




1 m 3/2 3-I _ - ^ v 

s K(n,t,u) { I n (t-u- - vyT t ))(i 3 (u^t) )} du> 

o 3=0 3 * i=0 ri' c 

3-1 

where IT (t-u- ) for 3 = 0 is interpreted as 1 and 


A(u~t)- = (a (x— t / } (u) 


(u + * v/p — t) — ( u-t ) 


For any choice of points t^, i = 0,1,.., ,m, with 
6 = t^-j-t.^, from (1.1.4) we have 





m 


m ( -\j i-l . C-l) ( n t, ),k = xw-i, 

(3.1.2) 2 { -C“ -) r ( n t.)Apt^>s:'{ ^~0 

3=0 i=0 160 

0 ,3c < m+1. 

Putting t Q = u-t, 6 = n ^ in (3.1.2) and talcing into account 
the fact that 

4 6 *0 = < 4 6 z \ (t o ) “ (4 fl -l/2 z \ (“-*> 

~ (i n _l/ 2 ( x -' l: ) k ) x (>l) = (4(x-t) fc ) x (u), 

we obtain 

m j/2 

(3.1.3) S { -\ r ( H (t-U - t / r>))(A3(u-t) k )} 

j=0 3- i= 0 H 1 /^ 


(-l) m ( n (u — t + ) ) » 3c = m+1 


= { 


m 

n 

1=0 
0 


n 


, k < BH-1. 


Ifence (i) follows from (3.1.1) and (3.1.3) 

(ii) We have from (3.1.1) and (3.1.3) 

= (- 1 ) mp n ( .” 0 (u -' t + “i/S-W 


in 


= (-l) m { S ^ Vg^n^ ( u "^ ) DH " 1 " J: , t ) } . 
r=0 n 2 ^ 11 

This, alongwith Lemma 1.7. 2, completes the proof. 

(iii) Finally, let k > m+1. 13 have the expansion 

1 *k *-3 e (u-t 

4 (Ur4 ° » ^ -- • a {^ 7 g 


for certain constants c r *s. And 
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3-1 


= 2 


n (t-u - 

i=0 n 1 /^ r^O 


j-r. 

j-l d r 


r.7S- 


> say. 


n 


where d r , s are certain constants. Shen 

m n j/2 3-1 

2 { ( H (t-u--J ? x)) A3( a -t) k > 

3=0 3- i=0 n l/2 

3-r 


1 / \ lc "3- r o 

1 " (u^-t) * 


n 3/2 3-1 ‘iM *-3 % (u - t 

< ? V,' ( 1 . * V’/P ' ■)( 2 


m 

’ U ( /-o * y? 2 ' ‘ X r ?=0 >» 8 7A “ } 1 


n 


n 


fc-1 b* 


= S - r yg 

r=0 n/ 

where b r f s are certain constants. Hence, from (3.1.1) and 
lemma 1.7.2 we obtain 

1 b* 

= r l Q n tyg 


- ( r 2 0 n r/2 > 

completing the proof of the lemma. 


'vk-r+2 


Corollary 3.1.2, Following holds for tel. 
(3.1.4) E n>m ((u-t)“ +1 ,t)= (-l) m 


where p EH _ 1 (t ) is a polynomial in t of degree < hh- 1 and 
PnH-l^t) > 0 for ^ e 1° ( interior of l). She o-term holds 
uniformly with respect to t e I. 

Proof, By (ii) of lemma 3.1.1 



»t)}»a£ > 




m-r+3 


(3.1.5) 


r 2) ’ 


where 2 and 2 denote the summations for which im-r+3 is odd 

£ X 

and even, respectively. 

When m-r+3 is odd integer, by lemma 1.7.1, 

(n+l) m '“ r+3 B rH#1 ((u-t ) m "" r+3 ,t) is a polynomial in (n+l) of 

TO Y»x 2 

degree - g ’ and in t of degree < m-r+3. Bence 


n“ r / 2 - , /„ ^m-r+3 + \ _ n , 1 \ /„ _ % 

= °C r mj.A Y/5'» ( n - “)• 


k n (^4)/s 

This implies by (3.1.5) that 

(3.1.6) (-1)“ $$ (JP = (“ - ”)• 


iigain by lemma 1.7.1 if m-r+3 is even integer we have 

g"(nur+3)/2 


■n / /.. . vm-r+3 , n _ (p(t)^ m ‘' r+3 V 2 (m-r+3)! 1 

Vl((u-t) ,t) - - aa Xi_irW//Bf -^3), *< 


+ 


o(iT< m-r+3 )/a )t (n _ „ )t 
where the o-term holds uniformly in t e I. 

This implies, by (3.1.5) and taking into account positivity of 
a^, * s , th at 

(3.i.7 ) (-D m &.y d 2 ) - (-ir p.ittK 1 * 1 '/ 2 


o( n -( I&fl V 2 ) j (n - ~). 



Hence the proof follows from (3.1.5), (3.1,6) and (3.1.7). 


Tteprem^3.1.3. let 1 < p < “ and f e 1 (I). Then, for 
a fixed positive number z , there holds for sufficiently large 
values of n 

(s.1.8) ||p (i.t)|L . < M <II £ IL 


W 


L (I) 
P V 


L P o E ) 

M being a constant. 

proof. We have | |P I , T , 

1 m 3/2 3— 1 

= ||/ K(n,t,u) { 2 ( n (t-u- i /2 ))a 3 f(u)>du|| 

o 3=0 3 ‘ i =0 n ± ' I* p (I 2 ) 


3-1 


(where n (t-u- '*--/*) for 3 = 0 is to be interpreted as 1) 
i=0 n x ' c 

< Z ? 1 ^|[A(n,t,u)( 3 n 1 (t-u-^^))A 3 f(u)du|| 

“ j=0 3 * 0 1=0 n ' IpClg^ 


m 3/2 

=i n -ir Hi 


3=0 3 i p d 2 ) 


> say. 


We choose numbers a* and b* satisfying a^ < a* < < 

b < b* < b„. Writing 3 n (t-u- y /? ) in terms of powers of 
2 1 i=0 n 7 

(t— u) we see from (3.1.9) that a typical term in can be 
written as 

. 4 © f K(n,t,u)(t-u) 3 *^ A 3 f(u)du = l^t), say, 
n r /■■ o 

where ^(t) = E^tjj^), 0 is a constant and 0 < r < 3-1. 





Using lemma 2*3.3 we obtain an 1 —bound, for T„(t) 

p l' J 

M 1 . 

1 ^ 'V 1 ^ 1 1 l3f| *1 r a * b*3 


* hw^w . . >. 


Hence for large values of n 


yD 




V 1 * 




{ 


;t/2 


L (Ij 
p v V 


+ *7 11*11 


n* 


L p (D 


The theorem follows from above estimate of T^(t*j,r) and (3.1.9). 
The ore m_ 3.1.4. let f(t) be continuous on I, ihen 


(3.1.10) lim P (f,t) = f(t) 

21—00 ■ U » IU 

holds uniformly on 1^. 

Proof. Since P n (l,t) = 1, we have 
1 

P (f,t)-f(t) = / K(n,t,u)(f(u)-f(t))du 
ilji-L O 

m i/2 1 j-l * i 

'+ E K(n,t,u)( ir (t-u- r/ *))A 3 f(u)du} 
3=1 31 o i=0 n 1 /^ 

m ji 3 / 2 

(3.1.11) = J n + 2 **., J,, say. 

3=1 3 

Now f G C(I ) implies that, given an arbitrary G > 0, there 
exists a 5 ) 0 such that 

(3.1.12) |f(x)-f(y)| < G , whenever |x-y| < 6. 



Usiflg (3*1*12) and (1*7*5) it is easily seen tlaat 

l J 0 l - e + 2 :l f lla(x) ^ 2 J K(n,t,u)(u-t ) 2 du 

K J | u-t| >6 

M- 

(3.1.13) < e + — , say. 

Now, a typical term in J . is of the type 

1 

’ r7£ / K(a,t,u)(t-u)3- r A 3 £ (u) du, 

n 7 o 

where 0 < r < j-l and c = c(j,r) is a scalar. 

1 . . 

Ihis can he written as -y* / K(n,t ,u)(t-u) 3 “ r (A 3 f (u)-A 3 f (t))du 

n ' ' o 

(because a 3 f(t) = 0, as a acts on the u-part only) 

= 2 (sK -1) 3 “ b {/ K(n,t,u)(t-u) 3 “ r (f(u+.f )-f(t))du}} 

n ' ' c s-0 s o tt'- 

(3.1.14) = -‘V 7 S { 2 (Jx-i) 3 -^ Z 3 . say. 

XT' ^ s=0 S S 

We estimate the term 2 separately. We break; the integration 

s 

w.r.t* u into two parts corresponding to 6. Using (3.1.12) and 
then Corollary (1.7.6) 

|2 g | <f E(n,t,u)jt-u| 3 " r |f(u+ - f(t)| du 

I ^17^1 i 6 ' 

+ f K(n,t,u)[t-u| 3 ^ r |f(u+-®^-) - f(t)| du 

j U-t + * ®yg J >6 

< G / K(n,t,u)| ult| ^ du 

~ o 

+ 2 j I f I I (n,t ,u)| u-t | 3 ~ r | u-t + 2 du 

“ C(I) o n/ 6 
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r 

< Mg { e n 



r rA FrJ-? 

(3.1.15) < M^Ce n 2 + n 2 ). 

Collecting (3.1,13), (3.1.14) and (3.1.15) we see that 
for each j 

3/2 

(3.1.16) |?- r J.j < M(G + |) . 

The estimates (3.1.16) and the arbitrariness of Q prove (3.1.10). 
porollary 3_.1_.5. let f(t) be continuous on I, Then 

(3.1.17) lim P m (f,t) = *(■&) uniformly on I. 
n - » 

Proof. We extend f beyond Co.il such that the 
extended function is continuous throughout 3R, This is done 
by defining function f(x) as follows. 

f(x) = f(x), x G I, 

f (x) = f(l), x > 1. 

Then proceeding as in the proof of Theorem 3.1.4 we obtain 

(3.1.17) . 

Corollary, 3^1.6. Let 1 < p < « and f e l p (I). 2hen 
there holds 

(3.1.18) ||f(t)-P n , T ■, = o(1) ’ <“““>• 

* L p( I 2/' 

The proof follows from Theorems 3 .1.3 and 3.1.4. 




3.2 


ERROR ESTIMATES AND A DIRECT THEOREM 


In this section we obtain hounds for error in 1 - 

ir 

approximation by the sequence of operators {P n m ( . ,t) } and 
prove a Voronov skaj a type asymptotic formula. The bounds are 
given in terms of 1 -norm, of derivatives of the function and 
also in terms of (nn-l)th integral modulus of smoothness of the 
function. 


Theorem 3.2.1. let 1 < p < °° and f e I* (I)« If f has 
m+1 derivatives on 1^ with f^ m ^ e A.C. (1^) and G IpCl^).* 

then for any fixed positive number £, and sufficiently large 
v alue s of n 


(3.2.1) | |P n m (f,t)-f(t)|| 


vv 


< iTA llf(, "' 1)ll 1 (i ) + " f|l L (x) 

D v 1 P 


} » 


where M is a certain constant. 

Proof. Eor t e I 2 and u G I]_ we. can write 

(3.2.2) f(u) = J o * (r W HT /V-w) I *f ( ' IH ' 1) (w) iw> 

We choose numbers a* and b* such that a^ < a < ag < 
h < b* < b • let x(u) be the characteristic function of 

0****I1- Writing P(t,u) = S C^(t-u- )a 3 f (a) 

3 

wtere ^ (t-a-4^) for j = 0 is to be interpreted as 1, 

1=0 ri x/c 

We have 



VO 


= S K(n»t,u)(P(t,u)-f(t)) du 

1 o 

1 

= / x( u )K(n,t,u)(U(t,u)-f(t)) du 


+ / (l-x(u))K(n, t, u)(F(t,u)-f(t )) du 
0 


(3.2.3) -*J^(t)+Jg(t), say. 

We first obtain a bound for 
we have for t e I g 

x(u)(P(t,u)-f(t)) = 


W 


• Us ing (3 . 2 . 2 ) 


m f (r)/ + N m 3/2 3-1 , , - v 

x(u){ 2 { I s-H l (t-u,-k'))(i 3 (a-tf)}-f(t)} 

r * 3=0 3 ‘ i =0 n -1 /* 


r =0 


+x(u)| r { E ^/(t-u- (mfl \w)dw) } . 

m - 3=0 3 * i =0 n 1 /^ t 

In view of (3.1.3) the above expression reduces to 

s 

x(u)(E(t,u)-f(t )) 

= i~ x (u){ E — .{'(^n (t-u-— f a))a Hf (u-w) m f^ IW ' :L \w)dw)} 
m! i=0 3 ' 1=0 n ' t 


Hence 


„ 1 m ,3/2 3 - 1 i ... 

J l^ } = Er{ x(“Wn,t,u) { - 5r (J o (t-u-^)) x 

x A 3 (/ U (u-w)“f^ IW ' 1 \w)aw) ) au. 

t 

Branding A 3 h(u) as 5 | J( -D 3_S H( u. + -fygO ana proauot 

^ (t-u-' ^/ft) as a finite sum in powers of (t-u), a typical 

i=0 n 1 /^ • 



component of J^Ct) is of the type 

u + s * 

o/ 1 x(u)K(n,t,u)n(3- r V2(t.u)j- r / “ 7 V*+ ^ A (Wl Ww du 

o t n • 


= TgCt), say, 

where Tg(t) = Tg(t; j ,r, s), c is a scalar and 3» r »s G®° satisfy 
0<3<m, 0<r< j-l, 0 < s < j. This can he written as 

o { “ (”) S m - k n C 3+fc-m-r )/e / x(u) K(n,t,u)(t-u)3- r * 

k=0 K O 

x { /%- w ) k f (nH ' 1 \w)dw + / (u-w^^^Cw^w > du> 

t a 

(3.2.4) -oil (£) sEi *" k ^ T 21^^ + ^22^^* Say * 

te=0 

It follows from the estimate of J ^ in Pro position 2.2.2 


that 


M. 


I|f (wl) ll, 


(3.2.5) ll^lil^ ) i^)^ "* "l [ 4,^3 

P ^ 

is obtained as follows. We 


A hound for 1 1 Iggi | /T x 

W 


have 

|i 2 g(t)i = 

1 

j/ x (u)K(n,t,u)n 
0 




KJ 

( 3 +k-m-r )/2^__ u )D-r { j ( u _ w ) k f ^ 1 \ w )dw }du| 


u 


u+ Y/2 \ 

< s fc n (3' IW:) /2/ 1 x( ll )K(n,t,u)|t.ul^V “ | f (»l)( w )jdwjaa . 



Applying Jensen 1 s inequality twice we obtain 

i T g 2 ( t )i p < 

( sV j-” 1 - 1 V2 ) p / x (u)K(n, t ,u) | t-u| C 3- r h 


u+ ' Y/p 

x { f n-v j f (HH-l) 


u 


(w)|dwjP da 


< (s k n^” m “ r V 2 )P f x (u)E(n,t,u)|t-a| ^“ r )P( s )P-1 x 

o xr' a 


u + 


(3.2.6) 




*/ *-7 | f (nH-l) (w) | Paw du 

u 


Using Pubini’s theorem (to interchange integrals in a arid 
t) and then applying Proposition 2.1.1 and lemma 1.7.5 in the 
next step we obtain a bound for the following : 


s 


/ / 1 K(n,t,u)x(u)|t-u| ( 3" r ^(/ nl/2 |f( IIH - l) (w)|P aw) du at 

®2 


o 


u 


1 b 2 


u+ 




= / / K(n,t,a)x(u)|t-u|^- r )P (/ n ' Jf 1 dw) dt da 
o ag 


U 


,, , ® 
u+ m 


= / 1 x(u)(/K(n,t,a)|t-u| (5 " r)p dt)(jf n |f ClIH ' l) (w)| p dw)da 
o &2 


u 


-7‘^YnTP f 1 n/ |f (mKL) (w)| p dw) 


< 


da. 


— n ( 0“ r )p 72 o u 

lei x^(w) denote the characteristic fanction of the interval 
£ u,a+ - s yr> □ . Then, making use of Pub ini’s theorem the above 

n 1 / 2 


expression is 


“2 


n , s 

1 ^ 1 / 2 

n ( r ~D )p/ 2 J x(u )(/ n |f( mfl )( W )| P x u (w) dw) du 

o u 


t*+ s 


(r-j)p/2 / X ( U ) ( / nl ^ 2 |f( mt ' 1 \m)| I 'x ll (w)aw)du 




b*+ s 


= “2 


n (r-3)p/2 / nV2 |f( ,wl \w)iP(/ 1 x(u)x ll (w)au) dw 


a 

b * + .s. 

D + 1/2 


= m n ( r “3) p / 2 f - 1/2 |f (a+l) (w)| p (/ W X(u) du > dw 

~ * a * 

(mfl ) p 

SV“ ll i p C*V*+.^r3 

This implies by (3.2.6) that for large Values of n 
(3.2.7) l|Igg(^ll 1(l2 )- 

Thus it follows from (3.2.4), (3.2.5) and (3.2.7) tha 

<-JU llt^ll. 




V 1 ! 5 


^3 I i f (hh-I)i i 

and hence | | | t /t v - ~('mtl)/2 11 L^(I 1 ) 


M* 2 > n 


P 


It remains to obtain an estimate of J 2 * Por tbis W write 

, (t) = /(i-x(u)) E (h,t,uWt,u)du.f(t)/ 1 (l-x(u))K(n,t,u)au 


= ” J 22 ^’ Say 


(3.2.8) 
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The presence of the factor (l-x(u)) implies, by Corollary 1.7.7, 
that for all t e l g 



K(n,t,u)(l-x(u)) du < 



t 


and hence 


(3.2.9) 11^221 




W "* 1 "yv 


A general component function of J 21 (t) is of the type 


c f (l-x(u))K(n,t,u) n^“ r V 2 (t. u )^f( u+ \ _ ^(t), 

0 n 1 /* 


say, 


where T(t) = T(t ? 3,r, s ), 0 < r < j-l, 0<s<3, andcisa 
scalar (when j=0, r=0). 

It follows from Lemma 2.3.3 that also 


M ' 

IWIL , T , i*r H f 


1 a) 

P v 


and hence 


(3.2.10) 
Finally, we 


Mr 


Jpil | < •— 1 1 f 1 , 

^ l • T / T \ ^ ^ **jj fl) 

P 


L p (l a ) - n* 
obtain from (3.2.8), (3.2.9) and (3.2.10) 



M* 

< ~ ll f il 

“ M n L (I) 

p 


rr 




Xhe theorem now follows from (3*2*3) and tte 1 estimates of 

Jr 

and Jg* 
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3^2^ . Let 1 < p < 00 aid f 6 L (I). If f Las 

P 

m+1 derivatives with e A.C.(I) ard f^ 1 ) e 1^(1), then 

(3.2.11) ||P (f,t)-f(t)|| < M n -(BH-!)/2j | f (nH-l).j 

l L p (I)- Lp(I ) 

where M is a constant. 

Pro of . We proceed as in the proof of theorem 3.2.1 with 
the characteristic function of Qa*,b*^ replaced by the 
characteristic function of I. 1 0 obtain a bound for Ig^(t) 
we utilise the second assertion of Proposition 2.2.2. 

Theorem 3_.2.3. let f 0 L^(I). Iff has m derivatives 
over the set 1^ withf^ m “ 1 ^ 0 A.G,(I ) and f( m ^ 0 B.V.(I 1 ) then 
for any fixed positive number l and sufficiently large values 
of n 


(3.2.12) l|E n „(f.t)-fC)|| , T . 

L 1^ I 2 ; 


< M{ n(mJij/2 l} f(n ‘ ) lt- v + H f il. • • } ’ 


B.V.(I 1 ) n £ 


L ± ( I ) 


wher@ M is a certain constant. 

Proof. With the stated assumptions onf, it follows 
from Theorem 14.1 of Saks C 613 that for all u 0 1 ^ and 
almost all t 0 Ig 

(3.2.13) f(u) = V ^ f (i) (t) + 

+ fa A uH»)“aB o) (w). 
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With x(u) as the characteristic function of [Ta*,b*3 (where 


a ,h are as before) we have 


=/ E(n,t,u)x(u)(J(t,u)-f(t); du 


+ S K(n t t,u)(l-x(u))(F(t,u)-f(t )) da 
0 


(3.2.14) 


= J ^t ) + J 2 (t), say. 


From (3.2.14), (3,2.13) and (i) of Lemma 3.1.1 it follows 
that for almost all t e Ig, 

m 3/2 3-1 

t“* / fT 

i 

D = 

a 


1 m 3/2 3—1 

J l(t )«sr/ x(u)K(n,t,u){ 2 %-( n (t-u- iy*)) 
m * o j=0 3- i=0 n 1 /^ 


x{A^(/ ( u-w) m df ^ m \w) )}}da. 
t 


(3.2.15) 

A typical component of J^(t) after expanding A 3 can be written 


as 

c 


u+ - 


n (3~ r )/2 j x(u)K(n,t,u)(t-u)3“‘ r (/ n ' (u+ ^ /p - w) m df ^ m ^(w))du 

t 


o 


n 


1/2 


— ^3 ( ■) » say , 

where Tg(t ) = Tg(t; 3,r, s), 0 < 3 < m, 0 < r < 3-1, 

0 < s < 3 and c is a sc a lar. 

This is re-written as 

T„(t) = c 2 (^)s CWk {/ 1 K(n,t,u)x(a) n U+^-n )/2 (t_ u ) 3 - r * 

5 te=0 K o 

U+ — f 

x { / U (a-w) k df^ n \w) + / n ( u— w ) k df^ m \w)}du> 

t «• 
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m 

(3.2.16) = c{ S (£) s 12 " (3? 31 (t) + T 32 (t))}say. 


b=0 

By Proposition 2.2.5 


M. 


(3.2.17) ||T„..(t)l| < /A VfC ||f( m ) 1 | 

B.V. [ a*,b*3 * 

To obtain a 1^ -bound for fggCt), we proceed as in tie 
proof of the estimate of Tgg(t) of Theorem 3.2,1. Thus for 
large values of n 


M 

(3.2.18) ll^)l! li(l2) <- (W i)/ 5 ll^ll B>v> 


(l x ) 


It follows from (3.2.15) to (3.2.18) that 



<-3 


b m) | | 

B.V.(I 1 ) 


Also, as in the proof of Theorem 3.2.1, for any fixed positive 
number a we get 



“2 




— n £ 




B^I)’ 


for all n sufficiently large. These estimates of and Jg 
and the fact that removing a set of measure zero does not affect 
the 1^-norm complete the proof. 


Corollary. 3.. 2.4 . let f e 1^(1). If f has m derivatives 
over I with f^*" 1 ) e A.C.(I) and f^ m ^ e B.V.(I), then there holds 

(3.2.19) ||P n>B (f,t)-f(W| |^ (i) < H f(m) |l B . v . (I) - 

where M is a constant. 
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To prove (3.2,19), we use the second assertion of 
Proposition 2,2,5 and proceed as in the proof of the above 
theorem. 


3*2. 5, let 1 < p < and f e 1 (I). Then, for 

]? 

sufficiently large values of n, 


(3.8.20) ||P 

yv 

< M{ UlM .i(f,n- 1/ 8, p , I i) + n -(»l)/2|| fl ^ ^ 

where M is a constant. 


l p (X) 


Proof. With a*,b* as before, we have, for all sufficiently 
small values of n 


i P n,m (f » t) - f(t ^L (J v 1 1 l P n,m (f " f n,mH jt) n L (T ) 

p p ^ P 2 ' L p ( 2' 

+ i^njm^n^l^^Tijim-l^^ 1 L ^ n,nH-l" f i ij, 


By Theorem 3.1.3, talcing i = (mKL)/2 


(3.2.21) | l p n ,m( f “ f Ti,iiH-l ,t ^l ^ - M l { ^ f “ f n,in+li 1 L Q a * )b *J 

Prom Theorems 3.2.1, 3,2.3 and the fact 

lHL a > b 3 B.¥.[_a,b3 
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it follows that 


(3.2.82) ll? n , m (f niWl ,t)-f n>iiitl (t)|| 


W 




l p c:a»,b*3 


+ l|f ".“ ll L 


Thus (3.2.21) and (3.2,22) imply that 


. „-l — 1 )/e ,| l«i“i , lllkC> » b .- | * l l<ll^ (I) .||«, l . 1 ll^ 0 ) i) 

This, in conjunction with the estimates (1.3.2), (1.3.3) and 
(1.3.4), implies that for n = n “V 2 for sufficiently large 

values of n 

Jj p (kl 2 ; 


+ n 


Theorem 3.2.6,. let f e 0 m+1 (l). Then 

f fv^ 1 ^) 


-(m+l)/2 


1|f|1 , <D } 

P v 


(3.2.23) P n>m (f,t)-f(t) = - 


(-D'p^iCt) 


(bh-1)! 


>(mfl)/ 


+ o(- 


n 


'(m+l)/2 


), (n - <»), 


and 


(3.2.24) P n(jw . 1 (f.t)-«t) = °(-(rfipfe^ 
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uniformly in t s I, where P^^Ci) is as defined in 
0 or oilary 3.1.2. 


Pr^of . Por some l lying between u and t where u,t e I, 

f(u } = T iHcfh f (1) (t) + 


Operating .by P n ^ m (.,t) on both sides of the above equation, 
it follows from (i) of Lemma 3.1.1 and Corollary 3.1.2 that 

4 >(m+l) /4 . \ „ 

TLl)V f (t) 


(3.2.25) 




therefore, to complete the proof of (3.2.23) it remains to 
show that 

(3.2.86) P n>m ((u-t) m+1 (f (m+1) (E)-f( IIrt - 1 \t)),t) 

= (n "* 



X 


s 111 vj/ 2 1 1-1 

(3.2.87) = Z { iU- / K(n,t,u)(n (t-u-.i )) 

3=0 J ' 0 i=0 

* A3((u.t)“- 1 (£(»l)( 5 )-f^ 1 >(t)))au} . 

A typical component, of above to be estimated is 

o n(j- r+k - m - 1 V2/ 1 K (n> t,u)(a.t)3-^(f('«'l) (l du 

o s 

= 1(b), say, 

where 0 < j < m, 0 < r < j-1, 0 <_ k < hh-1, c is a constant, and 
5 g lies between u+sn “V 2 and t. (0 < s < j)* 

As f^ 111 *" 1 ^ e C(I), for any e > 0 there exists a 6 > 0 
such that 

jf 1 )( x )_f ( m+ ’ :L )(y)| < e, whenever jx-yj <6. 

This implies that 

|(u-t)3- r+k (f( im ' 1 >({ 3 )-^ ,,H ' 1 \t))| < elu-t|3- r+k 

+ 7 l |fl * 1)ll 0 (I) 1U - t|3 ' r+t ^ t+ nV2 |2 • 

The above inequality, in conjunction with Corollary 1.7,7, gives 

|T(-tO| < Vy»l7/2 + 

Prom (3,2.27) since e > 0 is arbitrary, we see that 
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P n,m^ u ~ t ^ )IIH ’ 1(f(lIH ’ 1}( 0-f (m+1 \t)),t) 
completing the proof of (3.2.26). 


0( ;x»iys ) * ( - n ~~ h 


Since Lemma 3.1.1 implies that P n ^ 1 ( ( u-t ) EH " 1 , t ) = 0, 
proceeding as in the proof of (3.2.23) we obtain (3.2.24). 

3.3 INVER SE THEOREM 


Theorem 3.2.5 of the last section is a direct estimate 
for the operators {P }. Here in Theorem 3.3.1 we prove a 

corresponding local inverse theorem over contracting intervals. 
The proof of the theorem is preceded by two lemmas which are 
needed in the main proof. 


Th e ore m 3. 5.1. Let 0 < a < mtl, l< r p< co and f e 1^(1). 

Then 

(3.3.1) i|P (f,t)-f(t)|| = 0(n~ a / 2 )» (n — °°), 

n,m L (I J 

P 1 

imp lie s that 

(3.3.2) Mm+ 1 (£,T,p,I 2 ) = 0(t“), (t - 0). 


lemma 3 .3 .2 . let j,)£,s e®°, 1 < p < “ and he 1 (I). 
Then for a fixed positive number i and all sufficiently large 
values of n 


n 


(v +l)/(m-l) 


(3.3.3) 


, i k 

u-t J x 




u+-J^ 

n J h(w)| dw|du}> | j 




< M{n'(j +]c+:l)/S lim , T + “"* INI }, 

i di) L p (i) 
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where I is a certain constant. 
Proof • We have 


n 


v -u v/(nfi) 




s 


u+ “i/fc 

* 1/ n 1 h(w^dw|du}3j ( 


W 


< 1 1 (ih-i) { i p M (t;|j-t|3{} v * 1)/(lH ' 1) | u „tj i: x 

v/(n+-l) 


v =0 


u 

x {/ j h(w)|dw|du.}}{ 

+ | |(n+l){ Sp av W|J-tll<}’* 1 )/( " 1 V*| k '> 

v=0 v / (n+1 ) 

s 


u+ 1/S 

x / n Jh(w)jdw duftj j 


u 




( 3 • 3 . 4 ) — say . 


The estimate 

J <M {n-^ +k+l) / 2 ||h|| +n- 1 j|h|| j, 

V l' V ■* 

follows from lemma 2*3.2. 

To obtain a bound for Jg we proceed as follows. 
Making repeated use of Jensen’s inequality 



- 1 - U 7 


b 2 n 
jP = / ' { I p 




2 ^ » =o , v :v* 1 "v/cih-i) 


u+ : i/s 

x {/ n | h(w)|dw}du}}P dt 


u 


b Q 
n 2 


< 2 { f 


v=0 






>/(i*l) 


n b 2 


< S’ { / p 
v=0 ag 


u+ " 1/2 

x { / n |b(w)|dw}du}P dt} 

a 

,( t )|^- t| jp * 

' n 1 v/ClH-l) 


u + - 


s 


X { / 

a 


1/2 


n/ |h(w)|dw}P du dt } 


n b 2 


v in 

< h < / P n v( t >lE- t l V , 


v =0 


®2 


3P f' ( i/s?' 1 * 

v/(lH-l) 


n 


u + 


, i / 2 


*{/ n ~' |h(w)[^ dw}du dt 


u 


Let X(u) be the characteristic function of C a*,b where 

a ., < a* < ap < bg < b* < b r 

n b 2 

Iten J| < (mlHjx.?- 1 t {_ Pavels-' 6 ! 31 ’ x 


n' 


H 


u + 


x - >+l)/(«-l) x( a )i a _tl^{/ nV lb(w)p dw>du + 

v / (n*l) 11 

s 






fV-".’ ) (l-x(a))lur-t| 1 ^{/ n/ lb(w)i p dw}da}dt}} 

v /(nfl) u 
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let 6 = min (ag-a ,b*-b g ). Then, by Corollary 1.7.7 

2£p 


2 1 
2 


n lvi 2 1 

J 22 < -Ti,-i)7sll h ll^ , T J I K(n,t,u)|u-t| 2,lp du dt 
& ' i UJ ao o 


(3.3.6) < M' ||h|| p (n _llp .Ji). 

" 1 yn 

Using Pubini’s theorem to interchange integrals 

in u and. «t for J gl , we obtain 


'21 


= (n+lX-f/p) 5 *’ 1 { £ { } V ^ 1 ^ M " 1 ^(u) / nJ,/<i |b(w)| P X 




1/2 * 


v =0 v/(n+l) 


u 


x (/ p nv (t) IJ - t| 3p It-u! 1 ® at) dwduj). 


®2 


We first obtain a bound for J p (t)l^--tj^ J t-uj ^ dt, where 




G C 


v 1 


u 6 1 n+1 ’ n+1— 


j n l a J * 


Proceeding as in the proof of Proposition 2.1.1 we obtain 


/ P nv (t)|£ - t| 3p It-ul 1 ® dt < 

®a 


“2 

' ey *! 1 • 


Let x (w) be the characteristic function of the interval 


C u, u + ^ 3 . 

M g • 

J 21 < ■l^k-fl/^l 


Then 


n (v+l)/(n+l) 
2 / 

v =0 v/(n+l) 


u+ 


x(u )(/ 
u 


s 

"172 

n [hCwJj^dw) du> 


109 


m; 


U-J- 


s 

n 1 ^ 


i i+k+1^-1 x ( u X/ n x a (w)| h(wj[ p dw) du 


n 


Ml 1 **+ -i /S 

~ ' ii+W)p-l i X(u)( {* x tt (w)|h(w)|» dw) du . 

n ■ a 

Applying Pubini’s theorem -to tie expression on the right side 
we have 

m! **+ ‘ i/z i 

J 21 “ ’Tj+k+l)p r l {* n l h (w)| P (/ x u (w) du) dw 
n ^ a ° 

Mp b * + ;i/2 w 

= TJ^+k+l^nll i h (w)| p if du) dw 

T . a w "^l 72 


n 


(3,3.7) 


n 




The lemma follows from (3.3,4), the estimate of and the 
ine qual itie s (3.3.5) to (3*3.7). 

Lemma S.3.3. Let 1 < p < 00 and h e L (I) where 

JbT 

supp h <3 O.lT], 0 < a < b < 1. Then 


(3.3.8) il4“ 1) ( h ’ t >l l L j_ a < *to (nH - l) / 2 ||h|| 




If, in addition, h has mt-1 derivatives on £a,b3 with 
h (m ^ e A.G. £a,b3 and h^ 1 ^ 6 1 [a,b], then 


(3.3.9) l|P^ 1) (b,t)|l i 2 <\ 


LpCa.bH 


110 


where M, are constants independent of n h. 
Proof. First we prove (3.3.8). We have 


p(nti-l )/ , . s _ “t 1 .hh-Ix 

p n,m ^,*) - ^ ( k > * 


* / K^ im ' 1 “ :k \n,t,u)( (t— u — “ n’/o •)) A 3 h(u))^ da 


3=k 


i=0 


n 1 /* 2 ' 


m+l 1 

kSo 1 “^ c \n,t,u) {n k / 2 A k h(u)+ E b( u ) x 


3=k+l 


3-1 

2 


n ( t-u - ) > > d u > 


. 3-1 3-1 

x{£ 2 ...... 

i l = ° i 2 = ° v . V” Jf*L 

(ig-^il) 

In view of Lemma 1.V.4 a typical component of P^^^^hjt) can 

xx^ m 

be written as 


c(n+l){ 2 n 1 ^ a (^ 1 -k)( t j { 2 p (t)(j - t/* 1 n 

^,3-l x 1 3 1 v =0 Bv , 11 

X j*** 1 ^ 1 * 1 ) ( t _ u ) r 2 A r 3 b( u ) dli }>!E -(i3H-l-h) 

v/(n+l) 

= ^(t)* say, 

where i 1# 3 1? r i» r 2» r 3 G3H°, c is a scalar and 2^+^ < rn-l-k, 
0 < r 2 <r 3 -k, k < r ± <3=3, k < r 3 < m, r.j-r 2 = k, and q^(t) 
are as in Lemma 1.7.4. Since are bounded on Qa,b3» 


n 


3 1 ^ d /2 


we have with 0 = i-^+j^ + JT" 


Ill 


i H o< \ n ® IE “ t | 31 x 

V ~ U 

(v+i)/(im-i) r 9 r„ 

x (n+l) f 1 t-ul 2 | & 3 h(u)J du}} . 

v /(nH) 

Applying Jensen's inequality three times successively 


\^)\ B <K ( . Z . n ® P{ Vnv^ Is- J 31 * 

^ n v =0 


x i ,3 i 


.., r 2l , r 3 

v/(rtfl) 


*(»!)/'.. ;y "|t-a| h 4 3 K« 0 | du }f} 


» - - „ep 


<V {. Z; n-{ X P nv (t) 1 h - - 

H’ 3 ! V= ° 


X <(»l)/ (V+ 1 >/(l *Vu|V 5 »(u)l du,P>J 

v /(n+l) 

< M 1(2 n ep { I p nv (iO I- - 1 1 1 x 


- o 




v =0 


(Uhl) WHVi ^ ^ u) l P duH • 

v /(n+lj 


By Pub ini' s theorem 

b t 
<s 

1 rL 4 

- d«du» 


/ |l 4 (t)| p dt <m; t.X n^( v . o / I* 

ag • L i ,J i 


3 . ..v . , 3iP,_ .., r 2 p 


®2 


h(u)| p x 



Proceeding as in the proof of Proposition 2.1*1 we obtain 
{, |l4(t)|P dt - ** X 


1 ,J 1 n 

n (v +l)/(nrfl) r^ 
2 / 

v =0 v /(n+1 ) 


* { 2 / ' J A 3 h(u)j p du}} 


< Mg nC^^P/S | j h j JP 

L pCa,h3 

The last inequality is obtained by using the conditions on 

iqj Dq> and r 2 . Phis proves (3.3.8) because P^(t) is any 

typical component of pf’^^hjt). 

xi ^ m 

Po prove (3. 3. 9). we write 

Ku) = “ h a) (t ) + i ./ u ( M f a*. 

i=0 x ' 


ml 


Since Lemmas 1.7.1 and 3.1.1 imply that P (.,t) maps algebraic 

XL ^ HI 

polynomials into algebraic polynomials of same degree, we obtain 


= ir p n“ i:) ({ (u - m)m aw, t) 

= ~r { £ (“t 1 ) / (u-w) m h^ EH " 1 \7/)dwj 

ml le=0 K o t 

+ 2 A^(/ (u-w) m X 

3=lc+l 3 * t 


3-1 3-1 

x { 2 £ 

i^=0 ig=0 


3-1 

2 

hT° 


n (t-u- * ^-)»du} 
l f 


i^i^ , • , . , n 
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As before a typical component of the 
represented by 


above expression is 


c(n+ 1) { l /l + ^l (»ULy. 


n 


3 1 ' £ 


r l +r 3“ m 


L 1 J 1 


v ! 0 


(v+l)/(n+l) _ x 6 

* { v/(n+l) (t ~ u) 2{ { n 7 (u " w ^ 3 ^^(wjdwldu}}}^^ 1 " 1 ^ 


^ U+ “l/£ r r 


= ^ 5 (t), say, 

where Di^i^g » r 3» r 4 6®° satisfy 21^+j^ < mfl-k,k < r^ < j, 

0 < r 2 1 3-k» 0 < r 3 < m, 0 < r 4 < m, r ± -r 2 = k, and c is a 
scalar . 

Proceeding in the manner of the proof of Lemma 3.3.2 om obtains 

1 |T 5 (t)1 L r b n 

L pO> b _] 


< Mg | 


{ l {n 


x i+h 


L p L a > b I] 


(r 1+ r 3 -m)/2 ± 


<^i. fc(al) li. r „ v 

L p L a i b J 

As lc(t) is any typical component, of P^ m ^^(h,t), we obtain 
! ■ xi j in 

(3.3,9). 

Pro of_ of _ The ore m3. 3.1. We choose pairs of points (x^,y^), 
i = 1,2 ,3, 4 such that a^ < < bg < y i+ ^ < y^ < b^. 
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and a function g e G m+1 <3n P h thn* o,^r, „ _ , v , 

& o sucn tnat supp g c (x 3 ,y 3 ) and g(t) = 1 

for t e 0 4 ,y 4 ;]. 

Writing fg = f, as in the proof of Theorem 2.3.1, for all values 
°f Y — T being sufficiently small), we have 


+ I IP t)ll 

il n ’ m * 

L P L^y s 3 

where f^ ? nH-l Steklov mean of (mfl)th order corresponding to 
This, in conjunction with Lenma 3.3.3, for sufficiently small 
values of n , gives 


m+ 1 / . \ | 

I Ay f W| 


\ C ^. y 3 2 i n C ^. y s D 


p L- 3 * J 3 ■ 




(lW-l)j| } 


Applying estimates (1.3.3) and (1.3.2), respectively &r the 
second and the third terms of the right hand side of the above 
inequality, we obtain 


(3.3.10) 1 1 Ay* 1 f(t)| | 


I nC X 3 ,y 3 3 


< Ii * r 1 (« t >* n .-<^)|| 1 CX3>y3D + 


1 <H 
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+ Mg Y W-\ n (w-l)/2 n -(DH-l) ) - 

Now we show, by a n induction on a , that 


(5.3.11) | ^(f (*)-P (f,t))|| = 0<n-“/ 2 ),(n-~), 

L P L^ 3 .y 3 n 

Having proved (3.3.11) we obtain (3.3.2) as in Theorem 2.3.1. 

First, assuming that a < 1, by (3.3.1) for some I lying between 
u and. t, we have 


. l^n,m^® >iO _ (fg)(t)| J 


L p C x 3 >y 3 ]] 


1 l. p n,m ( Wu)-«(*))g(t)>t)|| _ 

L pC x 3 »y 3 3 

+ ||P (f(n)(g(u)-g(t)),t)|| 

M, 

i n a/2 + ll P n,mW u - ) < ,1 - t )6'(e),t)|| 

■ L p I> 3 >y 3 3 

a, 

(3.3.12) = ~' a yg + J t say. 

A typical component of P n}m (f(u)(u-t)g , (s),t) can be written as 
c n (D-r-i )/2 j’ 1 £( n,t,u)(t-u)^ ”"' r *" 1+ 1 f( u + *|y S )g'( 5 k ) du 

= T(t), say, 

where i,j,k,r el°, 0 < 3 < m, 0 < k < ;}, 0 < r < j-l, i = 0 , 1 , 
lies between u +.-%rj and t and c is a scalar. 
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By lemma 2.3.5 for large values of n and any fixed positive 
number a 


(3.3.13) | | T(t) j 


L pC x 3 jy 3 I3 


< M* {zr x / 2 \\f\\ ' + n~ £ 

L pC x 2 ,y 2 : 


f i i > 

V I} 


Thus J = 0( n” 1 / 2 ), (n - °o). 
This implies by (3.3.12) that 


I l I n ,m (fg ' t ^ (f g)(t)|| = 0(n -1 / 8 ), (n - “), 

L pC^>y 3 n 

proving (3.3.11). 

Next, we assume that for some r < m, the theorem holds for all 
values of a satisfying r-1 < a < r. We are then to show 
that the theorem also remains valid for all a satisfying 
r < a < r+1. 

With f as the Steklov mean of (mt-l)th order 

n ,m-n 

corresponding to f 

l |P 1 '.“ (£e ’ tWfs)(t) ll lp Cx 3 ,y 3: i 

< ||P n) 0 (( f (uM(t))g(t),t)||^ i:x3)y3;] 

+ 1 |P n „(f(u)(g(n)-g(t)),t)| ! 

11 n,m i p Lx 3 .y 3 3 

jit***' 

M 

(3.3.14) < ^ S + ||P njm (f('l)(g(^-8( 1; )).^ll I r 
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How 

ll p n,m< f ( u )(6(u)-g(t)) j t)|| 

- ~. 1 (“)Kg(u)-g(t)) f t)| | 

L pC z 3’ y 3n 

B l p B>m (( f n wl (u)-f 1 (t))(g(u)-g(t.)),t)| | 

ipl^.yssll 

+ i l p n,m( £ n,m-l( t )(s(u)-g(t)),t)| | 

(3.3. 15) ==< ^i' + "'^ 2 "*’^ 3 > say. 

By Theorem 3.2.6 and (1.3.4) of Lemma 1.3.1 


(3.3.16) 


M 4 

J 3 i Jm-’D/S- 


Proceeding as in the estimate of J. in (3.3.12) we obtain 


J- < m! {n -1 / 2 ||f-f J| +n“ £ J | f-f } , 

1-4 11 "-" in L p cx 2 ,y 3 3 ^ ml, \ny 

where i is an arbitrarily fixed positive number. 

Applying the estimates (1.3.3) and (1.3.4) to this inequality 
we obtain 

(3.3.17) J 1 < M 5 {n“ 1 / 2 a)EH . 1 (f,n > P,L x i*yil ^ n “ £ l i f l j L (I ) } ’ 
A bound for J g is obtained as follows. Bor some € lying 


between u. and t 
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,m+l^ u ^” f n ^m+l^ ^ Xg(u)-g(t )) 

=< j *<£> 


“S>) a ">* 


V %r^“ g (i) (t) + g^ m) (5) 


= 1,^ { i^4^l(^ ( ' ) ( t ^t)^3 } 


V ii} 

i_ { I (^ vr ^ ( u.-t ) 1 / ( u-w ) m f w )dw ) } 


ml 1 ' il 


+ ■ - “^— rr { g^ m \ C)(u-t) m / (u-w) m f<^Cw) dw} . 
(ml ) t n,IW 

Hence we obtain from above expansion and (3.3.15) 


J 2 < 


<| l!V!d! f ^i-i t)g( ‘' J(t)E n,m {(u ' t)1+;i ’ t) ll 

3-~"* 1 3 ' * 


*kp C x g * ^5 3 


+ sr 


W ( t )p ((u-t) 1+m g (m) (E),t)| I } 

»*1 1 ' ipt>3>y 3 3 


1 m-1 n 

t rrr- { £ rnf“ x 

5T i=1 IT 


ll g(l) C t ')»n,m<( a - t) V ( ^ W)1I,f " ( ^^ W)dW) ’ t)>111 ' Oa^D } 


+ ... .1 | |j> (gC»)( { )(u-t) m (/ U (u-w)”£^|(w)lw),t)| | ; 

(ml) * ■ 


-kp &3 , '5 r 3-^ 
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(3.3.18) - J 21 + J 22 + J £3 + j Say . 


We first obtain a bound for J 23 J 24 . a typical 


component of 

^(O(u-t) (/ ( u-w) m f^^^^( w )dw),t ) 

1 m j/2 2-1 

= / K(n,t,u)'{ 2 - n . T ~ ( n (t-u- L-))x 

o 3=0 i=0 n 1 /^ 

x A 3 (g( m \e)(i*-t) k (/ (u-w) m f^^(w)dw))} du , 


3 


_1 


after expanding a 3 and n can be written as 

i=0 

1 

c n (©“^)/2 j K(n,t,u)(u-t) e g( m \? ) x 


u. + - 

x { / 
t 




(a-w + ^) ffi r<“^( w) dwjau 


( 3 » 3 • 19 } — l( ) * ssty * 

whBTB 1(1?) = T("b ? 3 ^ ^3 ^ > 9 ~ D + ^ ^ ~ 3 S. 

0 < r i < 3-1 j 0 < r 2 < j, 0 < r 3 < k, lies between u + - y% 

2 n 

and t and c is a scalar. 

Let X(u) be the characteristic function of £c,d]] where 
Xg < c < d < y 2 . Then 

T(t ) = c n (0 - k) /2- {/ 1 x ( u ) E ;(j 1 ,t,u)(u-t) e g (m \5 r ) x 


u+ 


*{/ 

t 


;v& 


(u-w+^f f^(") 4wJdu + 
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+ / (l-x(u))K(n,t,u)(u-t) e g( m) (£ ) 


u+ - 

/ 

t 


x { / n 


i/ 2 r 

(u " w+ ;i/2 )m f l^i^ w ^ dw}du} 


(3.3.20) 


%(t) + I 7 (t), say. 


It follows from the estimate of Ig(t) in theorem 3.2.1 
that for sufficiently large 'values of n 


Mr 


r, -] ^ ■(k+M;/5ll f n ( ^'il. r _ 
L pL x 3 >y 3 3 “ \Zx z ,y 2 l 


We have from (3.3.20) 

1 


l ? (t)l < M 6 i - 1 L x { ^ (l-x(u))K(n,t,u)|u-t| e du}n, 6 / 2 


n » torA ' , I, 1 (l) o 


The presence of the factor (l-x(u)) implies, by (1.7.6), that 


V^l < -f ll^ilL , T . for all te Cx 5 ,y 3 3 . 

n* ’ 1(1) 

p v 


Conse quently 


V*)i L r fI) 

L pL x 3> y 33 “ ‘ L pU) 


The 1 -bounds for functions T,-(t) and T„(t) give, by (3.3.20), 


P 


llwiL < 4< (wd-aII^iII 

LpL x 3> y 3^ " 




(3.3.21) 


+ h {I) >- 

P 


n* 



X<SJ- 


Applying estimates (1.3.2) aid (1.3,5) we obtain from (3.3.19) 
and (3.3.21) that 

I l p n,m^ s ^ ^(sXn-t) J (u-w) m dw, t)| J 

15 \ZWzl 

(3.3.22) < Mg { |y.2+T)7S' '^im-'l “ m+ 1( f » 11 >P j C x i » y i H ) 


+ 


Jv 8 * l|£ll yu } 


The bounds for J gl and J gg follow as particular cases of (3.3.22 )« 
Thus 

m-i 1 

(3.3.23) j 23 < {( 2 " ‘( x+mfi y/z ^ n ‘nH-i » C x i*yil] ^ 


and 


n* 


mt-i 


li p ll 


L (I ) 
P v 


( 3 .3 . 24 ) J 2 4 < m q { ”( 2 m+i )/ 2 ~ "m+1 “m+l^ f » 1 n ,p > C x ±* ? 1 3 ) 


n 31 n 


il|f V } 


• By Lemma 3.1.1 and Corollary 1.7.6 

m m-1 1 , i (i) | i 

(3.3.25) J 21 < M 9 _2^ r n (i+3>/2 1 I f n,nn-1‘ £ x ,y 3* ’ 

-P 

where summation is tafcen only over those i, 3 which satisfy 
i+j > m. 

This, in conjunction with lemma 1.2*2, gives 
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i 

x 9 


j 2 i i ■ n (5ffT7^ii<:Ln 1 n + n f n , m+ iii ). 

^4 *3 >*3 4 n ’ L p C*3»y 3 l 

Applying estimates (1.3.2) and (1.3.4) 

(3.3.26) J 21 < Jffi-i') / g(^'« m U,il,p,i:i 2 ,y 2 D 4| |f| | ). 

LpU) 

A typical term in ( g (m) ( 5 )(u-t) m+i ,t ) is represented by 


c n ( j+k-r-m-i )/2 j 1 K (n,t,u)g (m) U )(u-t)^ k - r du 

0 s 

= Tq( t), say j 

where 0 < j < m, 0 < r < j-1, 0< s <i, 0<h<mfi, % lies 
between u + -sj-rg and t, and c is a scalar. 

Applying Corollary 1.7.7 we obtain 

m' 

“(m+TJ/2 for all t e [> 3 ,y 3 ~] • 

Consequently 

m 1 / • \ 

As before, using Lemma 1.2.2 and the estimates (1.3.2) and 
(1.3.4) we get 

(3.3.27) J 2 2 1 (^“m (f » T,>p> C x 2» y 2n > li f ll L ^( l) ) * 

Collecting (3.3^18), (3.3.23), (3.3.24), (3.3.26) and (3.3.27) 


we obtain 
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(3.3.28) J g < « 12 f^5i:2-)y5-s.- 1 -"m+l (f ’ , '’P 1 C x l’ y l^ ) 


^17/2^ “m 


(f,n,p,[Ix 2 ,y 2 7 > 


(i) } 

P 


We have by the induction hypothesis 

u nH-l (f ’ n,p, ^ X l ,y l^ } = °^ a " 1)t (n "* ° } * 

This implies by Corollary 1.3.4 that 

= o.U*" 1 ), Cti - o). 

Applying the estimates of mth and (m+l)th modulus of smoothness 
to (3.3.28) and taking n = n" 1 /^, i = m+1 


(3.3.29) 


T / ^ 

J s >75 • 


Also by (3.3. 17 ) 
(3.3.30) 


T / 14 

J 1 i >‘A • 


F inally we obtain from (3.3.14), (3.3.15), (3.3.16), (3.3.29) 
and (3.3.30) that 

Up n , m (fg,t)-(f g )(t)ii ip[;x3 , y3n =°^ /2) * 

„ -- \' ^ hence the proof of the theorem. 

This proves (3.3.11) and nence u 



124 


3.4 S ATURATION THEOREM 

The asymptotic formula for the operators? (.,t) 

(Theorem 3.2.6) gives an indication of the saturation behaviour 

of the operators. It is shown here that the operators? (..t) 

n,m' 7 

are indeed saturated with the order ), We get 

different saturation classes depending on whether p = l or 
p > 1. The trivial class consists of functions which are 
locally polynomials of degree m. 

T heor em 5.4.1. let 1 < p < « and f e 1^(1). Then, in 
the following statements, the implications 
"(i) ==> (iij ==> (iii)” and "(iv) ==> (v) ==> (vi)» hold. 

(i) | P_ m (f,t)-f(t)|| = 0(n~( wl V 2 ), (n - °°); 

' n,m yip 

(ii) f coincides a.e . on I g with a function? having m+1 

derivatives such that (a) when p > 1, ^ G A.C^Xg) and 

I (I,). U) when P = 1, 6 JU0.(I 2 ) and 

P (m ' 6 B.V.(X 2 ); 

(iii) | ? n m (f ,t)-f(t) [I = 0(n (mf1 ^ 2 ), (n - 

p ' 3 

U-v) | |E nim (f,t)-f(t)|| i (i ) = otn-^ 1 ^ 2 ), (n - 

(v) f coincides a.e* on Ig wiih a polynomial of degree m; 

bi) ll J n,m( f > t) - f(t) l t L 

P 


= 0 (n- (lMl) / 2 ), (n - 

(I 3 ) 
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Note. The implication "( ii) ==> (iii)» follows from 
Theorems 3.2.1 and 3.2.3, respectively for the cases 1 < p < ~ 
and p = 1. And "(v) ==> (vi)« follows from Theorem 3.2.6. 

We shall first prove the following lemma. 

lemma 3 . 4.2 . Let h 6 1(1), 1 < p < °°, have a contact 

ir 

support cz (0,1). Further, let h have m derivatives over I 

wiiere 6 A. 0.(1) and h^ m ^ 6 1 (I) and satisfies for all 

values of ^ G (0,l) the condition ; 

u>(h( m) ,T,p,l) < M , (t - o). 

Then, for each g G C^ +1 with supp g c (0,1) 



(3.4,2) 
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Expanding a 3 h(u) we have 


m _ n j/2^ j*-l_ < . 2 


I ' (t,a) * 1 ‘ “3r-(.n o (t- tt -4 /5 ))(Jji )( . l) 3-r h(u+ r^ ))} 


3=0 


n 


r=0 


n 


172 


m 3 n 3/2 , . i_i 

3=0 r=0 f "3 ! " ( ^ )( ' 1)J ’ r( i " 0 (t - U --i7? ) J + 


n 


I/S’' 


HI i/2 , 4-1 

S h(u+ -v/rr) {2 — ^ , — (J )( -1 n (t-u--Jyg)) } 


r=0 -31' 

m 

(3.4.3) = 2^ h( a + ^y^£>) a^tju), say 


i=0 


n 


It follows from (3.4,2) and (3.4.3) that 




mil 

2 f J K(n, t, u)h(u + > ■- 575> .)a (t,u)g(t)dt du 
r=0 0 0 r\ f c i 


■For each r (= 0,1,..., m) we expand g(t) in Taylor series about 


the point u + 


• 

g(t) = 2 if (t-u- jyg)^ g^\u+ \‘/-r > ) 


m 

io X. 


n' 


n 1 / 2 


+ 


1 /, r vHM-1 (hh-1 )> r \ 

f)T (t-u-^g) g v (6 r A 


where lies between u + r-g/g and t. 


n 


Defining h^u) = h(u) g (i) (u), 0 < i < m, we have 
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m ^ m 11 

= i=0 n r=0 { { K(n ’ t,a)h L (a+ ~lyz ) ( Ua -J./ 2 )\( 1 ;,u)itdli}} 
1 ■ r m r , 1 , 1 

rSTJT { r ^ 0 { 1/ K(n > t,u)h(u+ ^iyg") * 


m 11 


x g(»l) (Er)jat 4u)1> 

This can be rewritten by (3.4,3) as 

< ? n>m ( 3; i,t),g(t) > 
m 1 11 

= 2 1“ { / / K(n,t,u) x 

i=0 oo 

m j/2 3-1 r , 

X{ 2 ( n (t-u-v-yg:)) A‘ , ((t-u) :L h.(u)) } dt du} 

3=0 1* 2=0 n ’ /d . 1 

1 m 1 1 

+ XSh-17!' { r -Q { K ( n ’ t > u ) 3a ( u+ **i/2) a r^ t>a ^ x 


g(”- 1) (E r )>dt au>) 

m+l . 

(3.4.4) = 2 Tj-f J > say • 

i=0 1 ' 

Firstly, a bound for is obtained as follows. 

After expanding a^tju), a typical component of can be 

written as 

c n ( j+k-m-s- 1 )/2 J 1 /K(n,t,u)(t-u)^ ]£ " s ii(u+^/ 2 )g^ 1!H ' 1 \e r )dtdu 

o 0 n / 

= T, say, 
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where 0 < r < m, r < J < 0 < k < *i, 0 < B < 3.! ^ 0 ls 

a scalar. Since supp h <=(0,1) it follows from Proposition 2.1.1 
and the boundedness of 


I . 

' T| 1 

Thus, 

(3.4.5) IVll i n r»l)/2 INI 


llU) 


blext, for 31 where 1 < i < m, using Pubini's theorem we 


obtain 


11 m 3/2 j-l 

J i = / / K(n,t,u) { 2 - n . v -( n ( t~u ~ * yys-))i^( (t-u)^h. ( u))}dudt . 

DO nrrO w * n — H -*v ^ **- 


o o 3=0 d ‘ i=0 n 

Since h^(u) can be expanded as 

m-i 
‘ l 

r = 0 **“ * v ux *“ j i ^ 

it follows from (i) of lemma 3.1.1 that 

i'll m n^/ 2 3-1 

J i = rm“ryi f S K(n,t,u) { Z n (t-u-'v^)) * 

x Q 0 i = n 3 . T_n r\ / c 


h i (u ^“ r 5 n h i. r ^ t ^ )+ (m-i)r l U-^h^-^w) dw. 


3=0 


i=0 


n 


X (A^Ct-u) 1 f (uww) m ~ i j 1 ( nH "l-l)( w )dw))}du dt. 
t 1 

Proceeding as for the estimate of J- in Theorem 3.2.3 we obtain 

Further, applying lemma 1.2.2 
(3.4.6) |Jj < n '(Kt-l;75<ii htC) ii ii(l) *■ 
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lastly, we evaluate J . 

o 

auxiliary results. 


T ° io so the following 


lemma_ 3 . 4 _. 3 . let h e C have a 

(a,b 6 1 ). iben, for k, r e M° and 
6 > 0 

b . ^ 

( 3 . 4 . 7 ) / y h(y)dy = { 

a ° 


compact support c (a,b), 
for sufficiently small 
b 

(f Hy)d y), k = r, 

cl 


° , k < r. 


_ .°f . By the definition of a ■** 


a 5 b(y) we have 


/ y k A* h(y)dy = i f^lfV dy} . 


r 

2 

i =0 


Since supp h e (a,b), for all sufficiently small 6 we have 
b r 

/ y ^(y)dy = 2 (^)(-l) r ^ {J (y-ib)^" h(y) dy} 

r -0 a 

= £ (fX-lf" 1 { 2 ? b(y)dy) } 

i=0 3=0 J a 


= 1 ( { IlfK- 1 ) 1-1 (-iS^x/ y j h(y)dy). 
3— u i— 0 

Bow using the binomial identity 

(-l) r rl , m = r, 

0 , m < r, 

b 

(-6) r! (/ h(y) dy), k = r 

/ y k A^ h(y)dy =' { 

a ° 0 , k < r. 


2 (l )(-l) i i m = { 
i =0 x 

we obtain 
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Let 3 elT ’ a and J ? i be sufficiently small, 
fnen m tne expansion of (l+x) 3oc / I (l+ix) in the powers 
of x : i=1 


(3 


.4.8) -i. 1+ ^ )3a 


0 " 1 + P x (3) s + P 2 (j) x 2 + 

n (1+ix) 
i=l 


the P k (3) are polynomials in 3 of degree 2k. 

£ji * taking logarithm of both sides in (3 *4 #8) we obtain 
3 

3« £n( l+x )- £n(l+ix) = an {1+P 1 (3)x+P ? (3)x 2 + ...} . 

i=l ± c 

Using the series expansion this reduces to 

+ z ( z = ( z p k (j)x k )-f c 

i=l k=l K v-i * ■ & wi *■ 


-joc ( 2 «*— p 

k=l K 


k=l 


10=1 


CO 


1( 2 P k (D)x k ) 3 + .. 
3 fc=l 


Collecting coefficients of powers of x on both sides we obtain 


00 *j 

( z ir?J,„)(-ia+ 2 i k ) = P.(j + x 2 (P 2 (5)-i P^( j )) 

fc=l * i=l 1 1 


+ x 3 { P 3 (d)-P 1 (3> 2 (3> I P^U) >+ •* 
+ x k {P k (D)-| 2 P ( 3 )^( 3 )+ 

k 2 p+q=k P <1 

+ i 2 P n (3)5 n (3> r (s) + + 

3 p+q+r=k P ^ r 

i-ijf'! £ *(j) > , . 


+ 
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Using the well Imown fact that for kel, l i k is a polynomial 

i=l 

in 3 of degree k +1 and comparing the coefficients of like powers 
of x the proof follows. 


Putting a = 0 in lemma 3,4.4 we obtain the following 
Coroll ary 5,4.5, For 3 e IN and Jxj < 3“’^ 

n (l+ix)" 1 = 1 + q 1 (j)x + QpCjJix 2 + 
i=l 1 4 

where <^(3) is a polynomial in 3 of degree 2k. 

Resuming the proof of Lemma 3.4.2, writing 

3-1 j ^ 4 v» \ i— r 

IT ( t— U — *“"V7p ) = (^-u ) 3 + E (t-u ) 3 , 

=0 rr' c r=l n ' 


i=0 


where d. 's are constants, 
D » r 


we have from (3.4.4) 
J 


= /A (n,t,u) { S 2^ - A (t-u-'-i/fe)) V u)) at 4u 
0 o o 3=0 3 ’ X=0 n 


= z « au > 

3=0 3 * o o 




“ A ig n (H)/2 { Ag-Oatau}. 

• ft ' ill 00 


3=2 r=l 


Now 


/ Pnv (t;(t-u) l£ dt - 


This gives that 



±OiC 


k~S 

k v ( v + i) 

/ p nv (t)(t-u) k at = 1 ( S X-D S uS <&1 > > 

o s n (n+-i) 

i=l 

0 

where n (v + i) is to be interpreted as 1 when j = 0 . We 
i=l n 

have, after writing K(n,t,u) = (^1)^ 2^ p nv (t) x nv (u)} , 

m 3 f_i)S n 3/ 2 

j = (n+l) { 2 2 ( 3 ) W« '■ Tnr^g x 

0 3=0 s=0 s 3- 3+1 (wl) 

i=l 

*< ? .(VlHi))/ 11 ; 1 * 11 . 8 * 3 V»)*«n> 

V =0 i=l v/(W-l) 

+ (Wl) 1 ilz r=l io ( s } ( } 31 *i W - (»►!) 

i=l 

, ? , 3 ' r ' S , .<u f ( ' ,+l)/ ' C “' l) u s 4 j h (u)da> ) . 

< 3 - 4 - 9) x{ v! 0 ( i=i lv )J V« 

we see from above that a typical component of J c is of the type 


c(n+l ) 


n 1 ^ I *3 /' ,+1)/(Wl) » 4 / 6 h 0 (u)du>, 

r g v =0 v /( n+ 1 ) 

n (n+i) 
i=l 


__ - 9 5) e 3N° are such that 

where c is a constant and r^ (l » j* * 

0 £ r l £ m » 1 £ r 2 - BH ' 1 » r 3 +r 4 - r 5* ° ~ E& " 

Marxiaurin summation formula (Lemma 1.V.10) 
lext, using Euler-Maclaur 

we change the summation . 

n ^r 3 ^(v + l)/(nt-l) ^ 4 A 5 h Q (u) du 

v ab v/Cm-l) 
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into an approximate integral as follows. 

r~ x+l/fnt-l) r, r 

Writing H(x) = x 3 f u 4 a 5 h (u) da, 

x 0 

it follows from the given smoothness hypothesis on the function 
h that H(x) is im-1 times differentiable with e A.C.(I) 

and ^ G Lp(I)» Also supp H c (0,1) for all n sufficiently 

large. Then, by Lemma 1.7.10, we have 


n r„ (v+i)/(nrfl) r 4 
Z v 6 f u 4 

v=0 v/(n»-l) 


A 5 h Q (u)du = (n+l) 3 ( Z H(^y)) 

v =0 


(3.4.10) = (n+1) 3 { / H(x )dx - r r } , 


r„+l 1 

H(x )dx - R 

o 1 3 ,i 4 ,J '5 

where „ is given as follows : 

x 3 ,x 4 * 5 




(n+1) 


2Vl r to Q 21c 


m = 2k-l, 


(3.4.11) R ^ „ = { 


r 3 ,r 4 ,r 5 


( W i ) 2k+2 i=o o 21t+1 B= "t. 


Let X (u) denote the characteristic function of £x,x+ n+"i-^ 

1 1 r- x+l/(n+l) r 4 r g 

Ihen, / H(x) 4 x = / x s / u 4 4 5 b 0 (u) du dx 


o X 

11 r„ r„ r P 

V 


= // x (u)/ S ^ 4 5 & 0 ( u) au4x ' 


0 0 


Interchanging integrals by Fubini's themem <* obtain 

/ 1 H(x)dx = / / x x (d)x 3 u 4 4 5 h 0 (u)axau 

0 0 0 
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1 r A r 1 r 

= / u 4 A 5 h (u )(/ x (u) x 3 dx)du 
0 o 

1 u r„ 

= / a 4 A 5 h (u) (f x 3 dx) du 

o u-l/(n+l) 

i 3 1 -1 n +l—s 1 r „+S r*- 

= -T?"+t; { jj 0 ( s »y> 3 u a 5 h o (u)iiO> , 
By Lemma 3*4.3 the expression on the right side can be written 


as 


r 5/^ 1 

(-i) 5 r 5 ! h 0 (u)iu) , r 3 +r 4 =r 5» 


(3.4.12) / H(x )dx = { 
o 


0 


» r 3 +r 4 < r 5* 


Combining (3.4.10) ani (3.4.12) we obtain 

n r (v+l)/ (n-t-l) r 4 r g 

2 v ^ / u * a D h 0 (u) du = 

v =0 v /(ml) 


-rg/2 


r„ 1 


(-1) 5 r«-! n & (ml) 6 (f h Q (u)du) 


(3.4.13) 


r 3 +1 


^(n+l) R r 3 ,r 4 ,r 5 r 3 +r 4 " r 5 


r 3 +i 


j-(ih-I) 


5 * 


,if r 3 +r 4 < r 5 


where R, 


r 3 ,r 4 ,r 5 


is given by (3.4.11)’ 
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Thus (3*4.13) gives a formula for changing the 

summation 


n f r 3 >+!)/(»!) 

£ lv ° f 

v=0 v/(rn-i) 



h Q (u) du> 


into an approximate integral with an error term. We use it 
to obtain an approximate integral for as follows : 

Writ ing 


k 

n (v + i) 
i=l 


k 4. 
V + 


k 

2 

i=l 



k-i 




where b^ ^ are certain constants. 
We have from (3.4.9) 


m 3 


\S 


n 1 


3/2 


0 


(1H_1) { 1-0 «£o c ® ) 3+ 1 -" 8 ' ~~ 

3=0 3=0 “n ( Wi ) 

i=l 


n . (v+l)/(ntl) _ , 

*{ 2 {v 3 “ s / u s A 3 h (u)du }} } 

v=0 v/(nfl) 


m j-l 3 -s 4 

(ntl) { £22 (D -Sr' 


' S n 3 / 2 h x 

. n n 'S y " 31' 3+1-s . b 3-s,h 

3=0 s =0 k=l n (m-i) 

i=l 


■ , n i-s-k s A 3 

*{ 2 {v 3 s . " A 

v=*0 v/(nfl) 


u s A 3 h Q (u) du}}> + 
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m 3-1 3 -r 
2 l 3 

3=2 r=l s= 


+ (im- 1) { 2 i (3- r ) / -1 )S ( j-r )/2 

S “Tt 1 . *■ -•*« — , m i, r 

3 ~ u 3 ! 3 + 1 -r-s ” 3 ,r 


d . x 


n (n+l) 
i=l 


n 
2 

v =0 


x { 2 { v 3 “ r “ s / 


(v + l)/(lH- 1) 

ii s A 3 h (u)du }» 
v /(n+l) 0 


+ 


(n+l) { 2 ^2 1 1 izpf ^JZlV 2 . __ a x 

3=2 r=l s=0 to=l s 3* 3 + 1 -r-s 3 ,r 

n (ih-i) 

&=■! 

n 


x b 


3 -r-s,k \>=0 


3 _ k (v + l}/(nnj 

v/(n+l) 


{ s { „h-w/'— ; - A ] io(o)te)) } 


(3.4.14) = 2 ^ + 2g + 2g + 2^ , say. 

We see from (3.4.13) that 2g» 2^ and 2^ consist of only remainder 

terms involving R„ „ „ . 

x 3’ 4’ 5 

Applying (3.4.13) to 2 ^ we obtain 


m 3 . / t xs 3/2 

s i = (ml){ * 0 { L > hr ' d + T - s ; ■ > * 

3 _u s-u n (nfi) 

1=1 

x'{(-l) 3 (nfl) 3 - s (nr 3 / 2 3l(/ 

0 

= { 2 2 { ( 3 )(-l) 3+S { fe-Js" '■">» h 0^ a ^ du ^ 

3=0 s=0 s ^ (mi) 

i=l 
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3 " u s_u n (nti) 

i=l 


J+ 2 -s 


(3*4*15) — • ^ ^ 12 * say * 

Rearranging the terms in 2^ we obtain 

1 m 3 _ /nti 'iO+l-s 


‘11 


= (/ h 0 (a)du) { S. Z (3)(-l)^ s < (S^i.-.'. ) 1 

3=0 s =0 % {ml) 

i~l 


0 


= (A 0 (u)da) { s J ( 3 i k ) (-i) k tivr' ■"■ } 1 

u j =0 te =0 d 


h +1 


n (nti) 
i=l 


= (/h 0 (a)du)(J (-D k < 4vi i)1&1 K J k A )J> 

o 0 te=0 n (iH-i) ^ ■ 

i-l 


= (A (u)au){ " (- D k ifin ri i)k ->> 

O 0 te =0 n (nti) 

i=l 

(where we hawe used the binomial identity 

? - o } 

3 =h 

- ^ { m R 1 (-l) k (^ 1 ){-4 n±l)k " }} ^ lh 0 (u)du) + { 

k n (nti) • ° 
i=l 


te =0 


where 


„ (iH-i) for k = 0 is to be interpreted as 1. 


i=l 


T -z A 4 aid the binomial identity 

Thus using Lemma 3*4,4 am ^ 
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* r v x- (-if ri, m = r 

2 (*) (-l ) 1 i m ={ 

i=0 A 0 , m < r 


we get, 


(3.4.16) 2 1± = / h Q (u)du+ l|h||^' (n 

n 

Now we obtain a bound for the remainder terms of 2^, 2g, 2g 
and 2 ^. 

fe see from (3.4.31), (3.4.14) and (3.4.15) that typical 
remainder terms of S 12 , 2 g , 2 g and 2 ^ can'be written, respectively, 

as 

c n ^/ 2 (,^^ +2 : S R. (0 < s < ]), 

C 1 n d+I-s 3-b,s,3» - “ 

n (n*-i) 

i=l 


m r. 


C n u/ " -» -- n.. a V q i > ( ® ~ S — 3“1 J 1 S. R — 3 * 

°2 1 3 + 1 -s 3 -s-R,s, 3 7 

n (m-i) 

• i=l 


(3 .4.17) 


c 3 n 


(3-r)/8 Sfipt*?:?* „ 

i+l-r-s 3 -r-s, s, d 
n (n+-i) 
i=l 

(1 < r < d- 1 ? 0 i s 1 3-* r )> 
c n (j-r)/2 - R 3-r-s-R,s,3 ’ 


3+T=r " S / • ^ 

n 

i=l 


(1 


< r < 3 - 1,0 < s < 1 k i 3-r-s): 


where c^’s are constants. 
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We analyse the error terms occur ing in Z 12 , 2 3 and 

^ 4 • investigate separately the two cases depending on 

whether m is an even or an odd integer, For this we take up a 
typical term given by (3.4,17). Using the Condition 

a) (h (m ),t,p,l) 1 MtP , (t -* 0), 
we show that any such typical term is bounded by 


( h^ m ^| I + 1 1 hi J + 7po”S'vy5) )• 

Jm+T}/^ 1^1) L^l) 

Case I. let m be an odd integer, say 2k-l, Defining 


JC E 

<Ku) = u 4 A 5 k 0 (u), we see that the function H(x) defined as 

r x+l/(n+l) 

H(x ) = x 6 f *(u-) du 

X 

is 2k times differentiable, Hence for almost all values of x 

h^OO = * (2k_8)(x) 

(2k-r 3 -l) 


(3.4.18) +...+ (r k )C r 3 l) 

3 


(x). 


By definition we have 

V(»i)' l ' (x) = A i/(»-i) (x4 '' 5 h ° u)) 


= (X + ml) 4 t s l/(nH) 4 
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Also using the fact that for any £ , 5 > 0 

1 2 ^ 

"VS f (*> = 4 Sg 4 6 i f W , 

we obtain 


(3.4.19) 


A l/(i*l) *( x ) = (x 

+ 


+ n+1^ 4 ( A 5 a 1/(w1) h Q (x)) 
(A 1/(»H) x 4 ) (A 5 ii 0 (x)). 


Differentiating the above identity r times we obtain 


V(n+l) - ( A i/(i>kl) Kx)) (r) 


-1 r r 

(( x+ n+h ( A 


" {(A 5 \/(“+l) 


A l/(n+l ) h 0 (j)/ I '+((i 1 /( IHl j! 4 )(4 5 h 0 (x)/ r ^ 

h‘ r) (x)) Cx + ai) r<l: +(f)(A rs 4 V(llfl) ^ r - 0 (x); x 


x {r 


1 N r 4“ 1 


4< X + M ) >+..+(/ )(A % /(lH . l} 


(^ 4 ) 

h o 4 (x))(r 4 S)> 


+ {(A h^ \x))( A^^jj x 4 M*)(a 5 h£ r 1 ^(x))r 4 (A 1 ^^ 1H . 1 )x 4 

r- (r-r.+l) r 9 I 

(3.4.20) + ** + (r 4 -l^ A h o ( x )) ih-1 > * 

Thus, we see from (3.4.18) and (3.4.20) that H^ 2 ^(x) consists 
of terms which involve ko 2 ^"" 4 ^ 31 ) » anEi 

A-differences of the derivatives of h Q (x) lower than h^^'^^x). 
Now, from (3.4.11) it follows that 


) 
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K-y, VI *p l 

i. r, f X ^ •! r 


' i 3 ,x 4 ,i 5' (wl/ 


7 ® illP 8 kl| o(i ) { r L{V“^)i «, 


(3 .4. 21 ) K — 1 — ^rr I |Pr> v I I I I H^ 2k ^l I 

“(nn) 21 l, 2 kll 0(i ) 11 . ll I( ij # 

TIb terms which involve highest derivative of h i,e., 

h(2k-i)( x ) in H (2k) (x) ^ ; 

X S {(A 5 A 1/(lH . 1 )4 2k ' l) (x))(x+- J A 1 ) r4 + 




(3.4.22) = T(x), say. 

We will obtain a bound for I 111 I by making use of the 

\(I) 

hypothesis on h^ 21c “ 1 -' s 

(3.4.23) o(h^ 21& ' 1 \T,p,I) < Mx^ , (t -* 0). 

For this, we shall first prove that 

(3.4.24) a) (hj2 k4) , T ,p,l) = 0 (tP), ( t - 0). 

Since h Q (x) = h(x) g(x), where h^ 2k " 2 ^ e A.O.(I), h^ 2k ^£1^(1) 
and g e C 2k (I ), one obtains for almost all values of x 
h (2k-i) (x ) = h (2k-l)( z )g( x )+( 2 ^- 1 )h tSk ' 2) (x)g ll) (x) +.. 

+ h(x) 



142 


From this it follows that for almost all values of x 
4 l/(»l) h o 2k_1) ( x >= V(»l) Ch(2k " 1)(3:) S^» 

+ C 2 ' 1 } 1 ) 4 l/( n+ l) (^ 2k-8 \x) g^ 1 \x))+ , 
(3,.4.25) + A l/(rn-l) S^ 2k '’ 1 \x», 

In view of the fact that (j 1 ( 2i: - :L )( x )g( x )) 

= < 4 l/(nn) ^^^gCx + ^+h^-^xXt^^ sW) 

= ( 4 v(»i) h(2k ' 1)(x))g(x+ M )+ ii h(8k " 1) < x) «•(*). 

-1 

(where 5 lies between x and x + 
and (3.4.23), we obtain 

(3.4.26) ||* V(wl) Ol ( 8 ]fcl) (x)»(*))|i I 

This gives an L ^estimate of the first term on the right side 
of- the expression (3.4.25). 

Other terms in (3.4.25) are of the type 

o V(-n^“ )(x) e(r)w) * 

where 1 < r < 2k-l aid o is a constant. Ihis is nothing hut 
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°' {(4 i/(»i) hCs ^ 1 " r) (s))g (r) (x + 


+ h (2k-l-r) (x) (A 1/{lvfl)g ^) (x )) } . 

Bsnce, | |c ( h (2fc-l-r)( x ) g(r)( x ))||^ ^ 

(3.4.27) < M 6 {/ 1 U 1/(lH . 1) h( 2fc - 1 - r \ X )|a X+ i||h( 2 ^ 1 - r >|i ii (i) } 

To obtain a bound for the first term on the right side of the 
above inequality (3.4.27) we write 

/ I ft i/(rH-l) h( 8fcJ - r \jc)|dx = /V ^ V 2k - r \y)dy|as; 


< / 1 / x+1 /t" 1) | h (2fc-r) ( y )|ay ax. 


Let x^(y) be the characteristic function of £x,x+l/(nfl)]] 


Then 


M a 1 . h ( 2 fc - 1 - ,:) (x)|ta < //* x (y)|h ( 2 fc ' r) (y)|v to 

o 1 0 0 


= // x (y)|h^ 2k " r) (y)ldx dy (By Fubini's theorem) 
0 0 

* /[h( 2k - r) (y)|(/ x x (y)dx)dy 

o 0 

(3.4.28) = fck ll* (2fc ' r) ll ti(I) * 

Thus, from (3,4.27) and (3.4.28) we obtain that 



144 


(3.4.29) ||c 4 i/( IH1 )(h( 2fc " 1_r \x)g( r \x))| I 

1,(1) 

< ^'{||h< 2lM 0|| + || h (2^1-r)n 

L ]0) i 1 (D > 

P inally , we obtain from (3.4.25), (3.4.26) ana (3.4.29) 


(3.4.30) | , A 1/(&1) ^ 21l - 1 )(x)|| 


MD 




which proves (3.4.24), 


This, in conjunction with (3 .4.22 ), proves that 


(3.4.31) T(x )| | 


1.(1) 


^“ 8 { J + l ( ^ 1 H h(3j 


1^(1) 


) } 


Regarding the other terms of H^ 2;i£ \x), which involve lower 
derivatives of h Q , we proceed as in the above, for instance, in 
H^ 2k ^(x), terms involving h^ 2k “ 2 ^(x) are : 


/3 ( 2k-l ) <(4 rs (4 1/(n+1) ^ 21fc2) (r))r 4 (x + 1 

+ (j' S l( !lfc2 )(l)) r 4^1/(»l) x4 )> 

+ 2te s x r S -1 '<(/ 5 V(wl) h‘ 2fc - 2) (x))(x + &** 

+ ( /5 h ( 2 ^)( X ))(4 1/(lwl) x r4 ) } 


= I^x), say. 
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It follows after applying the estimate (3.4.28) and the fact 
A l/(n+l) ^ = ( n "* °°)> that 

Mq 2k~l / • \ 

(3.4.32) l|I 1 ( X )|| <#(S li^ll )• 

1 1 (I) 3=0 1^1) 


The estimates (3.4.21), (3.4.31) and (3.4.32) give 

,(3)1 


3.4.33) l E r 3 ,r 4 ,r 5 l i + n ^l 0 1 1 'l <i ) } 5 ‘ 


( 


The case when m is ah even integer, is treated analogously 
and we obtain similar estimates. 

Having obtained a bound for ?r jr we see from (3.4.17) and 

t3 ^ 4: 5 

(3.4.33) that when m = 2k- 1 any general term occuring in 
(3,4.17), say R, has the following bound 


R| < M 11 n 


(2k-l)/2 


. _ . n 1 / 2 ,1 i / v 

(3. 4.34 J < M lg --TJ (-J + 2 


n (Ry. y> £ 
r 3’ 4* 5 

2k-l 




) > . 


n~ n r ' D-° ^(l) 

_ 9 o +>n q i q further bounded as • 

In view of Lemma 1*2*2 tnxs xs 


(3.4.35) |E| < J 


(2k-l) 


+ " h V) )5 - 

finally, coyoting together (3.4.4), (3.4.5), (3.4.6), (3.4. 
(3.4.15), (3.4.16), (3.4.1V) and (3.4.35) • obtain lor odd 

integral value.s of m 


14), 
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l< >1 < rl l,V)/2 <ps"-i)/ 2 + I l“ (m) l I 


I^CD 


+ i l h l L > 

L-lCi) 


This proves that lemma. 


Proof o f the theorem . ISfe proceed exactly as in the proof 
of Theorem 2.4.1. It follows from Theorem 3.3.1 and Theorem 1.3.2 
that for every subinterval £c,d] c (a 1 ,h 1 ), f coincides a.e. 
on Cc,d J with a function 3? possessing an absolutely continuous 
derivative and an mth derivative which belongs to 

L [[c,! - ]}* Moreover, for 0 < p < 1 

P , , 

w(I'^ m \r,p,l) < M , (t 0). 

We choose pairs of points x^Xg and y 1 ,y 2 such that 

nH"l 

a x < x 1 < x 2 < ag < bg < y 2 < y ± < Also let q e C Q 

with supp q a (a^,b^) and q(t) = 1 if t 6 _ x q»yill* 

Then by Theorem 3.1.3 and statement (i) of Theorem 3.4.1 we 

have for G(u) = F(u)q(u) 


ilW G ’ t) - G(t)l 



02 »y 2 3 


0( n"^ 1 ^/ 2 ), (n - °°). 


As in (2.4.9) there is a function H(t) G I* (P > ^ 

_ oBH-1 

such that for some subsequence {n^> and for every g G 0 


with supp g cz (0,1) w® have 
(3.4.36) Um n ( " 1)/2 < I 

oo v 


v* 


(G,t )-G(t),g(t) > = < H(t),g(t) >. 
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When p = 1 as in (2.4.12), there exists a function 

4> 0 (-fc ) 6 B.V. Cx 2 ,y 2 II such that for every g g with 

supP § c (^-g»yg) and for some subsequence {n. } we have 

3 

(3.4.3V) lim < P (G,t)-s(t),g(t) > 

0 

= -< * 0 (t),g'(t) >. 

let G^ be the Steklov mean of (m-l)th order corresponding 
to G. Writing 

/ 1 \m m+1 

P m+ l(D)(-»-t) = -~5fl (•»*)» 

we obtain by Theorem 3.2.6, 

(3.4.38) P n ., m (&r 1 ,i I H-l» t ^ G T 1 ,i I H-l (t} 

3 

= ;CWl)/2 + o( ’ n '(nH-il7S ) » 

3 ^ 

where the o— term may depend on n hut for each fixed n it holds 
uniformly in t e I^« 

We obtain from (3.4.3 8) 

< > ■ 

= lim n (® 4 ' 1 )/ 2 < > 

n. -♦ °° 3 
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" n 11 !! oo n ^ l)/2 < P n.,m (G r 1 , iaf i-&^)“(G wr G)(t),g(t) > 

3 J 

+ lim < P (G,t)~G(t),g(t) > 

*-► oo t) • L1 -i 9 m 

3 


i.e., < 0 ^^ p ( t),P m+ ^(D)g(t) ^ " 


- lim n^ ffi+1 V2 < Pyi Tn (G,t)-G(t),g(t) > 
n. “ J 
3 


V m 


= lim n^ 15 / 8 < P n . jm (S, 1)lwl -S,t)-(S n>m , 1 -CO(t),g(t) >. 


n . — 00 
3 


Applying Lemma 3 . 4.2 to the right hand side of the above 
expression we obtain 

3 

( 3 . 4 . 39 ) < M i4 <l|S^l-S (m) U , +IIV» 1 - G ll 1 > ( i ) * 

As before letting n -* 0 in, ( 3 . 4 . 3 9 ) 


( 3 . 4 . 40 ) < G(t),P ^ 1 (D)g(t) > 

= lim e (“- 1 )/ 2 <j m (S,t)-S(t),g(t) >. 

- n v f Ud 

n . ** 00 ■ 3 

J 

After this we carry, out the rest of the analysis as in the 
proof of Theorem 2.4.1 (saturation theorem for P n (f,k,t)) 

The observation that p^-^) > °» t e (O* 1 ^ ^ see 
Corollary 3.1.2) completes the proof. 



oacmjv 

1 n lihear o oibimtiois 

O ff EXPONENTIAL TYPE OPEBAIORS™ 

Ap p r ox imat ion in C— norm by exponential type operators 
has been extensively studied (see Section 1.8). Here we show 
that under regularity conditions (1.5.8) and (1.5.9), exponen- 
tial type operators also constitute an L^ — approximation 
process where 1 < p < 00 . This is proved in Section 4.1. The 
linear combinations S n (.,k,t) of regular exponential type 
operators, as in C-norm case, give an improved order of 
convergence in L -norm for sufficiently smooth functions. This 

v Jr 

is in Section 4.2. In Sections 3 ard 4 we prove inverse and 
saturation theorems for { S n ( .,k,t) } in 1 -norm . The 
direct, inverse and saturation theorems are local in nature 
over contracting intervals. Some of the results obtained in 
this chapter will be useful in the next chapter as well. 

In this and the next chapter we use the notations 

I • = ~ a. where j = 1,2,3, A < a • < a^ and b-j +1 < 13 -j < 

t; J*J 

4 , 1 MSIC^^APPROXXMATIOH 

We see from Lemma 1.8.4 that tie operators S n (.,t) 
constitute a local approximation process with respect to C-norm 
for continuous functions satisfying certain growth conditions 
on (A,B). Here we prove that if, in addition, the operators- 



151 


?£&££• x ( u ) be the characteristic function of I 
Using Jensen’s inequality 


/ |s n (f,t)| p 

a 2 


b 2 B 


dt </ / W(n,t,u)[f(u)jP du dt 

A 

b 2 B 


= / / x(u) W(n,t, 
a 2 A 

b 2 B 

+ S f (1-X(u))ff(n 
a 2 A 


u)|f(u)j p du dt 
,t,u)[f(u)j p du dt 


J t Jg > say • 

It follows from an application of Bub ini’s theorem and (1.5.8) 
that 

J i i a ( n - 1 I l f l , • 

If > 0 is sufficiently large we can find a c > 0 such that 


i . | 2 & 

u-t 

* > •» >, > c, for all | u| > 1L and t e I g . 

|up £ +l 

Also, for those values of u which lie in 1^, we 

have | u-t | >6, where 6 = min (ag-a^jb^-bg). 


Thus, by Pub ini’s theorem 
B b 2 

J P = / / (l-X(u))W(n,t,u)|f(u)| p dt du 

A ap 

bp j u-tj 2Jtp 

< / / (l-x(u))W(n,t,u)jf(u)( “p / ‘ . j 22. jp 

[u|>M ia p <^(l+l u| f 


dt du 



152 




/ / (l-x(u))w(n,t,u)|f(u)|P 

u < M 1 a D 


u-tj 2£p 

"jfetp ■ at «“• 


1 ,e «P ly Gorollariss i-S.S ana 1.8.10 to obtain bounds for the 
first and second terms respectively, Thus 


j„ < — 

~ n^ p 


B p C-^j b I3 


The estimates of Jp and Jg complete proof of the lemma* 

Corollary 4.1.3,,. let 1 < p < «, aid f e 1 C A » B I3 * Eten 

I? 

for any fixed positive number £ 


(4.1.3) ||S n (f,lvfc)r < M(||f|| 

yv y*i 


+ V 11*11 >, 

n 3 p [>> B 3 


where M is a constant, independent of f and n. 

k 

Proof. Since S (f,k,t) = E c(j,k) S, (f,t), 

- -■ n j=o a f 

and c(j,k)'s do not depend on n the proof follows from 
lemma 4. 1 . 2 , 

Theorem 4.1.4. let l<p<°°andfe • Eilen 

mmm '~ i m 1 1 ; . . ti .min i ■ m • n jj 

(4.1.4) | |S (f,t)-f(t)| | = o(l), (n - °°). 

V X 2) 

Proof. We choose a sequence { f a > of continuous 
functions which have a compact support c (A,B) and satisfy 
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(4,1.5) 
We have 



VV 


0 ( 1 ), (c 


“) 




||S n (f,t)-f(t)|| < ||S (f-f 0 ,t)|| 

w w 

+ lls n (f 0 ,t)-f„(t)|| +| |f 0 (t)-f(t;i| 

VV VV 

We apply Lemma 4.1.2 to obtain an estimate for the first 
term on the right hand side of the above inequality. Thus, for 
a fixed e > 0, we have for sufficiently large values of n 

||s E (f,tj_f(t)|| < e + |K(t)-f(t)|| 

V J 2' VV 

(4.1.6) + ||S n (f<,,t)-f 0 (t)|| 

V V 

Finally, applying (4.1.5) and Lemma 1.8.4 to the second and 
third terms, respectively on the right hand side of the above 
inequality, we obtain (4,1.4). 

Cor ollar y 4.1.5. Let 1 < p < 00 and f 0 Then 

(4.1.7) ||S n (f,t)-f(t)|| =0(1), (B-~). 

Lp L A »BJ 

proof . By Lemma 4.1.1 we have f e L p £A,B3 for 
every n. Now given e > 0 it follows from Lebesgue's dominated 
convergence theorem that there exist numbers a,b where 
A < a < b < B such that 
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(4.1.8) |f(t)(l-X(t))|| <e 

\Ca,b3 “ 

and ||(S (f,t))(l-x(t))|| <e> 

where x(t) is the character istie function of |3a,t>3 . 

Thus (4.1.7) follows from Theorem 4.1.4 and estimates (4.1.8). 

4.2 ERROR ESTIMATES 

In this section we investigate, for sufficiently smooth 
function, the rapidity with which the linear combinations 
S n (.,k,t) of regular exponential type operators converge in 
L -norm (1 < p < °°). The first two results give error estimates 

P — ' 

in the approximation of sufficiently differentiable functions 
for the cases 1 < p < 00 and p = 1, respectively. Using these 
results, next we obtain a general error estimate in the 1 -norm 

ir 

in terms of (2k+2)th integral modulus of smoothness of the 
function. 

Theorem 4.2.1. let 1 < p < 00 and f e l p £ A,BH[ . If f 
has 2k+2 derivatives on 1^ with g A.C.Cl^) and 

f (2k+2) g l (I 1 ), then for some constant M 


(4.2.1) | |s (f,k,t)-f(t)|| 

p ( ' 1 2 / 






To prove the theorem v\h 


need the following proposition 
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£?.?P. 2 sition 4,2^2. let 1 < p < » 3 h e I 
i, j G m * Tilen for any fixed, positive number £ 


and 


(4,2.2 ) || S n ( | u-t| ' \f | u-w| ^ | h(w)|dw| ,t ) 


W 


< M {ji-(i+ 3+D/8 | | h j | +E f 1 ||h 

W 

where M is a certain constant. 




) , 


Furthermore, if -°° < A < B < +~ then for some constant SL 


u 


(4.2.3) ||S n (|u-t| | / | u-wj 3 j h(w)|dw| ,t)| | 




< H 1 n -( i+ 5+l)/2 


1*11 




Proof . Proceeding as in the proof of Proposition 2.2.2 

we obtain (4.2.2) and (4.2.3). The only difference is that we 

B 

have to use a bound of / W(n,t,u)| Ur-t| s du in place of 

i A 

S K(n,t, u)| u-t| s du in the estimates of Jp and Jg. 

Proof of the orem 4. 2.1 . For t e Ig and u e Ip there holds 

u 


f(u) = 2 f^^t) + f ( a - w ) 2k+lf ^ 2k+2 ^(w) dw « 


2k+l 

i=0 A mr / - + isftw t 

Let X(u) be the characteristic function of Ip. Ihen for t e Ig 


B 


S n (f,t)-f(t) = / x(u)W(n, t,u)(f (u)-f (t)) du 

A 


B 


+ / (l-x(u)) W(n,t,u)(f (u)-f(t)) du 


(4.2.4) = Jp(t) + J 2 (t), say. 
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Using the expansion of f(u) about the point f t> in j (t) 

we have 

2k+l ^.(i)/ + \ B 

J x (t) = 2 { — ^ f X(u) W^tjuXu-t) 1 du} 

1=1 J - a 
B 

+ 'CS&TTf { x < a ) *(i'»t.“)f/(u-w) 2k+1 f( 2k+2 ^w>lw)d U 
(4.2.5) = j n ct) + J- L g('t), say. 


(4.2.6) \\J 


It follows from Proposition 4.2.2 that 

M, 


12 


Lp(I 2 ) n 


<X 2 ill* (8k+2) ll 


W 


To obtain L -norm estimate of the function J.-.(t) we rewrite 

p H % 

2k-fl j>(i)/j.\ B • 

J 11 (t) = ( 2 — T ,l_l {/ W(n,t,u)(u-t) x du}) 

11 i=l x ’ A 


+ 


2k+l f (i)/4- \ B t 

( 2 ' {/ (X(u)-l)W(n,t juXu-t) 1 du>) 

i=l x * A 


(4.2.7) - 2 li (t) + 2 l2 (t), sa y* 


We shall first obtain 1 -bound for the function 2^g(t). let 

ir 

5 = min ( ag-a^b^-bg ) and s = 2(k+l)-i. Ihen by Corollary 1.8.2 
there holds f or all t G Ig 


B - B n( lr4* 1 ) 

/ (x(u)-l)W(n,t,u)| iv-tj X du < 6~ s / W(n,t,u)j u-tj v du 

A * 


(4.2.8) 


< s 


n 


-(k+l) 


Prom this it follows that 
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12 


V 1 ! 


< \ 


n 


r(te-l) ( 2k+1 
i=l 


»(i) 


il ). 

W 


Next we obtain 1-bouna for the function j (t). 

B 

J g (t) = / (l- x (u))W(n,t,u)f(a)iu-f(t)/ B (l- x (u))»(n,t,u)in. 

■ A 

Applying Lemma 4.1.2 and (4.2.8) to first aid second terms 

respectively 


V 1 * 


< I 5 n “(k+l) j | f j| 


L p[lA,B3 


Thus, we obtain from (4.2.4) to (4.2.8) and estimates of 
and Jg that 


2 k+l „(i)/ . \ 

||s n (f,t)-f(t) - £ (i-jTi-V S^u-t) 1 ,*))^ 


p(Ig) 


2k+2 


(4.2.9) «(S ||f Ci) || +|]f|| )0(n-( k+1 b, 

i=l yip l p LA,Bj 

(n - “). 


Hence, by Lemma 1.2.2 and (1.5.2) 

l|s n (f,t,t)-f(t) - L (L.J.. i. J- s n ((u-t) ,10, t))^ (I } 

x — • 1 jp 2 


( || f (2k+2)|, + ||f|| ) 0(n- (i+1) ),(n--). 

Ul "yip 1 "^Cvq 

This alongwith Lemmas 1.8.1 and 1.2,2 completes tie proof. 

Proceeding as in the proof of Theorem 4.2.1 and using 
second assertion (4.2.3) of proposition 4.2.2 we obtain tie 
following. 
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Gofollary ,4.2.3 , Let 1 < p < - aid f G L^£a,b;] where 
A,B G It. If f has 2k+2 derivatives over £a,B 3 with 

f(2k+1) 6 A - C - and e 1 Ta,b 3, than for some 


constant ffi 


(4.2.10) ||S n (f,k,t)-f(t)|| 


l d Ca,b3 


<-vi (||f (sk+ ^|| 

n 


L P C^ B 3 


11*11 


b p Ca,bH 


^orem^2A. Let f e A,B^ . If f has 2k+l 
derivatives over I 1 with f^ 23 ^ g A.C.(I ) and f( 2k+1 ) e b.V.(I 1 ). 


then for some constant 


(4.2.11) | |S n (f,k,t)-f(t)l I 


~ n ' 


'k+1 


{||f 


(2k+l) 


B.Y . (I 1 ) 


+ Ilf 


(2k+l) 


+ ||f|l 


To prove this theorem we require the following proposition. 

Proposition 4.2.5. Let h G B.Y.(I^) and x(u.) be the 
characteristic function of 1^. Ihen for i,j 6 IN 0 there holds 
for some constant 

(4.2.12) i |S n (x(u)|u-t| ;L j/ U lu-.w|^ |dh(w)|j,t)J i 

t Lq\i 2 ' 

M 

- "a+j+n/2 • ^.v.up’ 

Purthermore, if A,B g It and h G B.V.£a,b 3> tben for some 


constant 



159 


(4.2.13) 


u 


Snd^l l{ |u-w| 3 |dh(w){|,t)l J 


iCa.b] 


n I i+D+.l )/% 


Ml 


B.V A,B^] 


The proof follows in the manner of the proof of 
Proposition 2.2.5 where we use moment estimates of exponential 
type operators in place of those of the Bernste in-Kantorovitch 
polynomials. 


Pr oof of Theorem 4.2.4. By Theorem 14,1 of £61^ the 
given hypothesis on f implies that for each u e and almost 


all t e I< 
* 

2k 


f(u) = f^\t) + f (2k+1) (t) 


1 r U /„ \2k+l ^ 2k*f 1 )/ . \ 

TS&lJl'l ( ^ df ( ) * 


We have for t 6 Ig 

S n (f,k,t)-f(t) = S n ( (f(u)-f(t)) x(u),k,t) 

+ S n ((l-x(u))(f(u)-f(t)),k,t) 

(4.2.14) = J x (t) + J 2 (t), say. 


Por almost all t e Ig 


i=l 


(t) = 2 l ( SUfu-t) 1 x(u),k,t)> 

• * **-» ■ 
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+ s n( x ( a ) { (u- w ) 2k+1 df (2k+i) (w) jkjt ) 

(4.2.15) = J n (t) + J^(t) + J ls (t), say . 

2k ~(i ) , , s 

Now, J 1:L (t) = E { {S n ((u-t) 1 ,k,t) 

+ S n ( (xCuj-ljCu-t^kjt) » . 

It follows from the estimates of l ±1 a i£ Z ±2 in Theorem 4.2.1 
and an application of Lemma 1.2.2 that 


(4.2.16) | | J A 


< ' n wiUi f(2k+1) ii +ii f ii , v 

^ 1 ^2 ^ l^Clg ) L^(lg ) 


Also, as in the estimate of J g in Theorem 4.2.1 we have 


(4.2.17) 


L^Ig) " h 


< 2 f 


1iCa,b3 


By Proposition 4.2.5 


(4.2.18) ||J 13 H 


\ l i^(2k+l) 


« ll ll d 2 ) 1 ? fTl|f 


B.Y.(I 1 ) 


As in the case of J^(t) we write 

J i 2 (^ = <s n ((u-t) 2k+1 ,k.t) 


+ S n ((u-t) 2k+1 (x(u)-l),k,t)} . 

k 

Since 2 c( j ,k) dT m = 0, m = l,2,...,k 
D=° 3 

the first term in J l2 (t) is estimated by applying Lemma 1.8.1 
and using tne fact that discarding a countable set does not 
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change 1^ -norm. To obtain a 1^ -bound for the second term 
we proceed as in the proof of estimate of in Theorem 4.2.1. 
P inally 


(4.2.19) 


12 


< M4 
- :m 


l^Ig) " n' 


f ( 8k+l) 


1 l( I g) 


Oombining (4.2.14) to (4.2.19) we complete proof of the theorem. 


Corollary 4. 2.6 . let A,B el and f e l-^AjB^ . If f 
has 2k+l derivatives over ca,b: with f^ 2 ^ e A.C.£A,3Q and 

^(2k+l) g b.V.£a,B 3 » then for some constant M 

(4.8.20) | |S n (f,k,t)-f(t)||^^ B ^< ^l+l { ll f(2k+1) |l B _ v ._^ j 5j 

,| f (2k+l)n llfil >. 

1 liCA.Bi "l 1 c;a,b3 

Proceeding as in the proof of Theorem 4.2.4 and using 
(4.2.13' ) we obtain (4.2,20) , 

Theorem 4* 2. 7. Let 1 < p < 00 and f 6 IpC A, B^j . Then^for 
sufficiently large values of n j 


(4.2,21) ||S n (f,k,t)-f(t)| 


W 


i M{ a5 2k+2 (f>n ’’ 1/2,P,I l )+n (l£tl) n ft ^[>,2]] 




wtere M is a constant independent of n and f, 
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-^et x ( u ) he characteristic function of 1^. 
Writing fx = f, 

| Is (f ,k,t)-f(t)| ; < I |S 

1 P (I 2 ) W 

+ US (f,k,t)-f(t)|| 

w 

Applying Lemma 4.1.2 to the first term on the right hand side 
of the above inequality we obtain 

(4.2.22) | |S n (f ,k,t)-f(t)|| < M.n- (k+1 ) 

yv~ 1 

+ i|S n (f,k,t)-f(t)| | . 

p ^2 ' 

We choose numbersa* and b* such that a^ < a* < ag < bg < 
b* < b^* Let f n 2k+2 denote the Steklov mean corresponding to 

f . So we have 


S n (f,k,t)-f(t)U 

V 2 J 


n ii 2 ; p v 2 


+ l S n^n,2k+2 ,l5:,t ^“ f n, 210+2^^^ (q ) 

P * 

to application of Lemma 4.1.2 to the first term on the right 
hand side gives 
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,S n (f,k,t)-f(t)| | 


1 (i ) “ ^ { ^^n,2k+2l I 

P v 2 1 


L nCa*,b*3 


+ n "'.l i - J n,Sk + sll 


L nCA.Bn 


(4.2.23) + I . s n(f n ,2k+2> l!: > t )-f,, sla . 8 (-t)| | ). 

VV 

Applying Tbeorems4,2. 1 aM 4.2.4 said using the fact 


( 2kH- 2 ) 


f 

we have 


= ' | f (219-1) i 


(4.2.24) | |S n (f nj2k+2 ,k,t)-f ^ 2k+2 (t)| | 


yy 


“a 51 210-2)^ [^a*,D*] + ^ f '’’ 2k+8 ^l [lA.Bl 


Combining (4.2.23) and (4.2,24) we obtain 


||S n (f,k,t)-f(t)|| 


W 


- V- ' f_f n,2k+2l l L u^b-j 1 


-(k+l)i i ~(2k+2) 
+n * * n . 2k+2 




(4.2.25) +« _<! :|f-J n) 2k + 2l. I q Lj S 3 + ““ C1C+1:)1 ^n.SiH-sl I^^bJ J ' 


Using estimates (1.3.2), (1.3.3) and (1.5.4) and taking n n 
and t = k+1, for all sufficiently large values of n.it follows from 

(4.2.25) that 
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S n (f,k,t)-f(t)|| 


i n (i, 
p -= 


- M 5 


Since f = f on l^ } 
above inequality. 


+ n-( k+1 )||f|| 


VV 


(4.2.21) follows from (4.2.22) and the 
This completes the proof of the theorem. 


4,3 INVERSE KEORBM 

We see from Theorem 4.2.7 that if 1 < p < oo, f e l p £A,B^ 
and U 2k+2^ * T = 0( T<X ), ( T - 0), then 

|S (f,k,t)-f(t)|| = 0(n- a / 2 ), (n- »). 

W 

A corresponding local inverse theorem over contracting intervals 
for the sequence (S n (.,k,t)} of operators is as follows. 

Theorem 4.3.1. let 1 < p < 00 and f e 1 T A.Bl . Then 
for 0 < a < 2k+2 

(4.3.1) | | S n (f ,k,t)-f(t)| | = 0 (b"“/ 2 ), (n - ~), 

yv 

implies that 

(4.3.2) » gk+2 (f,T,p,I 2 ) = 0(t“), (t-0). 

Remark. In the proof of this theorem without any loss 
of generality we can assume that the function f has a compact 
support contained in (A,B). Bor, let a and b be such that 
A < a < a± < b 1 < b < B. let x(u) be the characteristic 

function of £a,b_.. 


Then 
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| | S n (f)(,k,t)-(f X)(t) 1 1 < j |S (f ,k,t)-f(t)l | 

W 

+ I ! s n ((l-x)f,l:,t)| | 

yip 

and hence "by (4.3.1) and Lemma 4.1.2 


' |S n (lx,k,t)-(f x)(t)| | = 0(n"“/ 2 ), (n - »). 

^Up 

Thus (4.3.1) is satisfied with f replaced by fx and the latter 
has a compact support. This implies (4.3.2) as f = f on Ig, 

In the proof .of the theorem we shall require the following 
auxilliary results. 


Ii®J?5L a , fk *3*2 • let 1 < p < ~ and h 6 lpC^> B H iiav " e a 
compact support c (A,B). Then for i e 3N° and for any fixed 
p ositive number & 


(4.3 .3) | S n ( j u— 1 1 " | h(u) j »t)j [ 


yV 


< M {n 


,-i/2 


1*11 


y x P 


+ n- 2 | | h| | 


LpO.Bl 




where the constant M is independent of n and h. 


Proof, let x( a ) be the characteristic function of 1^. 
Using Jensen's inequality one has 
b 2 

/ | S n ( j u-t 1 1 h( u) ,jb)| p dt 

b B 

< / / x(u)ff(n,t,u)|u-t| :Lp |h(u)| p du dt + 


Q2 


A 
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b 2 B 

+ ^ (l-x(u))W(n,t,u)ju-t| i f , |ii(u)j£ ! du dt 

ag A * 1 

= J 1 + J 2 ,say. 


By Bubini's theorem and Corollary 1.8.10 


J- < M. 


i n -ip/2 j m p 


^p(^i) 


let 6 — min ( ag— a^jb^—bg) and s = (2£- i)p. Then by Bab in i 1 
theorem 

B b 2 

Jg < 6” S / / ( l-X(u) )W(n, t, u)| a-tj j h(u)p dt du. 

A a 2 

Since supp h c (A,B) we have by Corollary 1.8.10 

The lemma follows from estimates of and Jg. 

Lemma 4.3.3. let 1 < p < 00 and h e ImCAjBT] with 

"*** ' * *■ if 

supp h c [] a,b3 j where A < a < b < B. Then 


(4.3.4) ||s£ 2 k+ 2 W)|[ _ < M n k+1 i|h(| 

L p Ca,b3 L p C;a,b3 

In addition if h has 2k+2 derivatives with h^ g A.G.Qa,b^J 

and B^ 2k+2 ^ G L [a,b] then 


(4.3.5) ||S^ 2k+2) (h,t)|| L ^ ab -j — m l 


< !L| |h^ 2k+2 ^ | 




the constants M, M 1 are independent of n and h. 
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Proof. By Lemma 1.8.3 for t e £ a ,t>3, 

(2k+2) 

S< 2 » 8 W) = ^ (nl+:1 »(n,t,u)(u-t)Sh(u)au} , 


where 1,3 6 1 ° satisfy 2 i+j < 2 k+ 2 . 

As p(t) is bounded over E a » b 3 » Lemma 4.3.2 implies that 


4 2k+S W)IL r _ <» n k+1 ||h|| 
L pLa,bJ 


* S L*>*1 


h(u) = _Z + + /V-w) 2l£+ V 2l£+ ^(w) dw, 


To prove (4.3.5), since for u, t e E a J b 3 
2 lc+ l/ .\i / • \ u. 

i=0 h (t ^ + I2kVi')l \ 

we have 

2 k+l h (i)/ + x t 

S n (h,x) = .£ o f-"!! >*)> 

+ imm s n (/ u (n-w) 2k+1 n (Sk+2) (w)aw, x ) 

As S n (.,x) maps algebraic polynomials into algebraic polynomials 
of same degree (see Lemma 1.8.1) we have 

4 s * 8 W) - -osii-jr s^ to2) (/ u (-w) 2k+1 ^ 2k+2) cwMw,t) 


iTj a^? +S) (t) 3 

'i,j n (poor"" a 


Kw < Z » i+3 {/ »(n,t, u )(u-t)3 , 


{ / U (u~w) 2k+1 h (Sk+2 \w)iw >du }}. 


Hence it follows from Proposition. 2. 2 aai 4.2.5 that 
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ii4 2k+2 W)ii iMjihC^n 




'L p &»Q 


completing the proof. 

ZL2°L °L emJ.Z*U Let x^, 1= 1,2, 3 ,4, he 
pai^s of points such that a± < x j _ < ag, \ < x i < x i+1 

and yj_ +1 < Yf* We choose a function g g 0 2k+2 such that 
supp g c: (x 3 ,y 3 ) and g(t) = 1 for t 6 [> 4 ,y 4 I|* 


Writing fg = f , for all values of y < t , as in the proof of 
Theorem 2.3.1, we have 


IK 


2k+2 f(t)| | 


< 1 1 A 2k+2 ' {f(t)-S n (f ,k,t )}} | 


ipC^H Y ' L P t>3^3 

+ i' 2 k+ 2 M|s^ k+z) (f-i rij 2 k+ 2 ,k,t)|l i 

+ l|S “ Sk+2)(£ '’> 2k+2 ’ lc,t)ll L p C^, y p > ’ 

where x^ = x^ and y^ = yg+(2k+2)Y . 

Applying Lemma 4.3.3, for small values of n 


,2k+2 


f(t)|| 


L D L x 3>y3l 


< ||4 k+2 tf(-t)-s n (f>fc>iOJll 


ip C X 3 *^3-3 


+ v 2k+ \<n + 

* ' 
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This, in conjunction with estimates (1.3.3) and (1.3.2), gives 

(4.5.6) ||i? k+2 f(t)|! 

L pC- x 5> y s3 

< ||A 2k+2 {f(t)-s : (f,k,t)}|l 

+M^ 8k+8 (n k+1 +n' (2k+2 b» 2k+g (f ) i,,p,Cx s ,y 2 3 ). 

To complete the proof of the theorem we ate now left to 
show that 

(4.3.7) || A 2k+2 {f(t)-S n (f ,k,t)}| | =0(n““/ 2 ), (n-“). 

lpL x 3’ y 3-J 

As usual we prove it *by an induction on a* 

Consider first the case when a < 1. By (4.3.1) 

||s n ( f g,k,t)-(fg)(t) 1^^ 

< | : S n ((f(a)-f(t))g(t),k,t)||^ [ .^^^ 

+ | |S n (f(u)(g(u)-g(t)),k.t)| 

< % W 2 + | {|o(j,k)| ||^ jtt (t(«X*-t)8 , (0.t)l| 

3 

for some 5 lying between u and. t. 

Applying Lemma 4 . 3 . 2, we hsye 

. „i —a/2 

I |S n (fg, k ,'t)-(fg)( t )| l L ^ Xs) y 5 3 - ^ ’ 

!P 
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which proves (4,3*7). 


Now assuming that for some r < 2k+l, the theorem holds for all 
values of a satisfying r-1 < a < r, we prove that the theorem 
holds good for all a satisfying r < a < r+1. 


We have 


| |S n (fg,k,t)-(fg)(t)| | , 

L pL*3»y 3 3 

< ||s n ( (f(u)~f(t))g(t),k,t)|| 

i p C^.y 3 3 

+ I 1 S (f(u)(g(u)-g(t)),k,t)H 

i p C^»y 3 3 

+ I l S n^ f n,2k + 2 (u) - f n,Bfe+2 (t)Kg(u) - gtt)) ’ 1C,t)| l I , s | :x3 , y3:1 


+ ll s n( f n,2k + 2( t) ‘s( u) - e(t)) ’ i > t) H , [ls)Js] 

1/L 

(4.3.8) = —yg + J 1 + J 2 t J 3 , say. 


By (1.3,4) and Lemma 1.8.5 

e! 

(4.3.9) J 3 1 * 

First applying the mean value theorem aid then Lemma 4.3.2 


we get 
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J ^ = 1 l ^ y 2k+2 ^ ^ ^ u.— i: )g * ( € ) , 3c, i: ) 1 | 


L C x 3» y 33 


k 


< . Is'lL { .2 | c ( d , k )|* 

G ( I 1 ) 3=0 

* ll s d.nU f ( u )- f n,2k+2^ u >i*l u - t l’ t ML - > 

3 L D L x 3 >y 3 -i 


_< M^_ { n ^ \\ f - f n f 2k+2^ i 




+ n“ (m) ||f-f n :p. v + a |i 


n?2k+2 \[>, b 3 




Using estimates (1.3.5) and (1.3.4) this is further estimated as 
(4.3.10) • J 1 < f n~ 1//2 “ 2k+2 ( f » n »P»II x l»yi3) 

+ n - (tol) iini lpCA>B3 >- 

We estimate Jg as follows. Bor some 5 lying betv^en u 

and t 

( f S 2 ^ u) - f T>,Sk + 8 ( t))(g(a) - g(t)) 

» . 8 r *$**<*> + I^Wjr 

1=1 


i=l X * 





2krl 




Therefore , Jg < 

2k+l 2k 1 (i) (t )g(3)(t)(u-t) i+ 3,k,t)H 

{ 2 l Tf iT ll S n (f n,2k+2^ ;g L p&3 ,y 3^ 

i^l j=l x J * 


> + 
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2k+l - 

-L r r> -*• 


+ xmryi { . 2 =1 it x 

* I |S n (f^^ k+2 (t)g (2k+1 \c)(u-t) 2k+;L+1 } k,t)| | 


L p C x 3»y 3 3 


2k 

+ { Z 


>1 r^+rjm 

I jg ^ 1 \t )s n ((u-t) i { / (^-w) 2 k+ 1 f^ 2 |^(w)dw >,k,t)J} 


L ni^3 ,y 3^ 


2 


( (2k+l)! ) 

p 3 

(4.3.U) = Z ± + Z 2 + 2 3 + S 4 , say. 

By Propositions 4.2.2 and 4.2.5, for any fixed positive 
number a , 

z s 1 m 5 < ( i! ?+W }1 


t* ' } * 


and 


Z^ < % 




L D C x 2 ,y 2^ 


V-M3 


b 


* $ 

Using estimates (1.3.2) and (1.3.5) 
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(4.3.12) s 3 i M S * "2E+S n &Vl75 “sk + 2( f ' , ’>P.il2: 1 .y 1 D) 


and 


> 5E+S a* 


(4.3.13) s 4 < “5 < ^si+g'-^k+s 72 “2k +2 ( f .’>.p.C^ 1 .y 1 n ) 


+ 7EfS"i I l f l : 


' L p C a.bD 


>. 


It follows from lemma 1.8.1 and the fact 


k 


Z 25 HL— ’fcllQ.’fc 

3=0 3 


M, 


2 k+1 


/- ^ JXT / • \ 

^1 < -"gl'l ( 2 i 1 f n 23s+- 2 i i r -)• 

» i=l T1 » 2k+2 ^[> 3^3 3 

It follows from Corollary 1.8.2 that 


m; 2 k+i 


>(i) 




Using Le mm a 1.2,2 and then applying estimates (1.3,2) and (1.3.4) 
to the right side of the above two inequalities we obtain 

(4.3.14) Z ± < -^'1 “Ela-l^’P'P’C^S’^-l ^ 

21 n 

+ li f ll »» 

ipC a < b 3 


and 


M, 

„ 

+ llhi 


(4.3.15) Eg < _ i ’i«3k+l“2)H-l (f ’''’ P, C X 2' y 23 ) 
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By the induction hypothesis we can assume that 

(4.3.16) W 2k+2 (f » n ’P’tIx 1 ,y 1 3) =0(n a “ 1 ), ( n o). 

By Corollary 1.3.4 this implies that 

(4.3.17) W 2k+1 (f» n ,P,[Ix 1 ,y 1 3) = OO^- 1 ), (n - 0). 

Therefore, by taking n = xT 1 / 2 ani l = 2k+2 inequalities 
(4.3.12) to (4.3.15) and estimates (4.3.16) and (4,3.17) imply 
that 

M 

S l» S 2» 2 3 and S 4 - “a/2' * 

Putting these estimates of 2^ in (4.3.11) we conclude that 

m' 

(4.3.18) J 2 < • ; / 

Prom (4.3.10) and {4.3,16 ) we obtain 
M 

(4.3.19) J l<^2’ 

Prom the bounds for J 1 , J £ and J g we finally obtain 
from (4.3.8) 

||S (fg,k,t)-(fg)(t)|| - 0(n" a / 2 ), (n - 

L pL x 3 ,y 3-J 

This proves (4.3.7). 

4 . 4 SATUR ATION THEOREM 

In this section we show that as in G-norm (see 
lemma 1,8.7) the linear combinations S n (.,k,t) of regular 
exponential type operators are saturated in L^-norm (1 < p < °°) 
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with the order 0(n"^ k+1 ^). Furthermore, we see from 
Theorem 4.4.1 (proved in this section) and Lemma 1.8.7 that the 
larger the p the smaller is the saturation class. But the 
trivial class is essentially the same for all p (1 < p < °°), 

Theoreml^ia. Let 1 < p < » ani f e L^£a,B 3 . Then, 
in the following, the implications "(i) ==> (ii) ==> (iii)»* and 
" (,iv) ==> (v) ==> (vi) n hold. 


(i) : S n (f,k,t)-f(t)|| = 0(n-( k+1 h, (n--)s 

V 1 !' 

(ii) f coincides a.e. with a function F on Ig having 2k+2 
derivatives such that (a) when p > 1, pC^k+l) e A.C.(Ig) 
and p(2!+2) e l (Ig), and (h) when p = 1, 

■^(21) 6 j^o^Ig) and F^ 2k+1 ^ e B.V.(Ig); 

(iii) I.s n (f,k,t)-f(t)|| =0(n-^ +1) ), 

W 

(iv) I |s n (f ,k,t)-f(t)|| . = o(n ^ k+1 hj U -■ “>! 

l p (Il) 

(v) f co in cides a.e. with a function F on Ig, where Fis 
2k+2 times continuously differentiable on Ig and 


satisfies 

Z Z +Z Q(3,M)l? (:S) (t) = o, t 6 Ig, 
j=k+l 

where Q(3,k,t) are the polynomials occur ing in 


(vi) 


Lemma 1.8.5; 


(Ig ) 


= o(n-( k+l) ), (] 
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£££££■* see the proof of saturation theorem of 

Chapter XI (Chapter III) that crux of the proof is Lemma 2.4,1 
(Lemma 3,4.1). Here we prove a similar lemma. 

Lemma 4.4. 2. Let 1 < p < °°, h e L^£ a,B[] with 
supp h cl° and g e 0^+2 with supp g cl°, lien 

(4.4.1) |< S n (h,k,t)-h(t),g(t) >| < :ii INI , T 

n 

where M is a constant independent of h and n. 

proof of Lemma. By definition 

k 

< S ( h,k,t )-h( t ) ,g(t ) > = 2 { c( j ,k) < S d (h,t )-h(t ),g(t ) >> 

n 3=0 3 

k 

= 2 ( c( 3 ,k) < h(u),g* J1 (g,u)-g(u) >} 

3=0 3 

= < h(u), S*(g,k,u)_g(u) >. 

Hence applying Lemma 1.8.11 to the right hand side of the above 
identity we obtain 

|< S n (h,k,t)-h(t),g(t) >| < J + T (I )' 

jL 1 

How the rest of the proof of this theorem goes along the 
lines of the proof of Iheorem 2.4.1. Henoe we omit the details 
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1 p ?.9IL 51- , IN ?SRP OL ATOR Y MODIFICATIONS 
2.1 , ESPpNMTIil/ JTYPE OPERATORS' ~ 


In this chapter L p - approximation by interpolatcry 

modifications . ,t) of regular exponential type operators 

(Section 6, Chapter I) is studied. Unlike the case of Bernste in- 

Kantorovitch p olynomials, here we have to divide the kernel 

m +2 

W(n,t,u) by (| u-t| +1), m < m Q to make the operators S n m (.,t) 
lp-bounded. Phis is shown in Section 1. In Section 2 we obtain 
error estimates in 1 -norm (1 < p < “) in terms of derivatives 

It 

of the function and also in terms of (m-fl)th integral modulus 
of smoothness of the function. In Sections 3 and. 4 we prove 
inverse and saturation theorems. As before, the results are 
in a local set-up over contracting intervals. 


5.1 BASIC A PPR OXIMATION 

In this section we first obtain a formula expressing 
moments of modified exponential type operators ^ n ^ m ( *»t) in terms 
of moments of exponential type operators S n (.,t). Next, we prove 
that the operators S n>m (.,t) are l p -bounded over compact subsets 
of (A,B). Using this we finally prove that they constitute an 
Ip -approximation method. 

Lemma 5.1.1. let K be a compact subset of (A,B). Then, 
for k e IN there hold 



178 


(i) 

(ii) 


If k < m, S ri)n ({u-tAtj = Oj 


m 

= (- 1 ) + 
uniformly in t e K. 


)t ( n 


co) 


» 


(iii) If k > m+1, 

s n|m ((u-t) k ,t) = V s n ((^) 1 “»^o (^^yp, 


as n - 0 °, uniformly in t e K, where a^’s are certain 
real numbers. 

Proofs We have from (1.6.2) 


Sr, JU-t) »-b) 


n,m 
B 


(5.1.1) =/ - W ^-V + } S 

A l+|u-t| 0 

m ^D/2 3-1 


X { z ( n (t-u-*» /? ))(A 3 (u-tf)}du, 


n V2 

where product IT (t-u— — ) for j = 0 is interpreted as 1 and 


j=0 3i i=0 

3-1 
n 

i=o 


m <_ m Q . 


From (5.1.1) and (3.1*3), (i) of lemma 5.1.x follows. . 
Also , as in Lemma 3.1.1, 

o / / n xn^+I + v _ ( i ) m f B ^i n nt? u ) .,( n ( u— t + *■ Yy>?> ) ) du 
^m^^) ,t) - (-D J i( ^ j=0 n 1 / 2 

A 1+Ju-tj 


- („i) m / f(n,t,u)( 11 (u-t+^y^)) du 

a i=Q ^ 


m 


n 
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B 


/ 1 \m r W( n. t.u) i .1 0 / „ , . x w 

~ + 1} { ----'“ J - V+2 KM (.n 

A l+|u.-t| 0 1=0 n / 

(5*1.2) = J^t) - J 2 (t), say. 


du 


m b r B 


nH-m 0 +3-r 


A s lJ P (t)l < { 2 “v7b- / W(n,t,u){ u-t| du} , 

^ r=0 rC'^ A 

where b r ’s are positive numbers; applying Corollary 1.8.2 

(5.1.3) ^ “( 1 iw-m +S'J75 ^ v n n?3/'2 » t e K * 

n 

Thus ( ii ) follows from (5.1.2) and (5.1.3). 

(iii) Proceeding as in the proof of (iii) of Lemma 3,1.1, we 
have 

“ < 4 8 ( 3 n 1 (t-u-.4 /g ))(A^u-t)b) = X ■ & 

i=0 3i i=0 n 1 / 2 r =0 n ' 


where axe certain real numbers. Hence by (5.1.1) 

fc-1 a_ ' 

"r/2 S n^ 
r=0 n ' 


k-T 

// .nJT 4. \ r* f f. C f_- V, .t)} 

_((u-t) ,t) = 2 {“r‘A> V m_+2 * 

J.1 j 111 — r ' ^ 


1+ 1 u—t j 0 


. r =° m +2 

KM ° t)J 

- S n (— - *' m o +2 ’ 

1+1 u-t| 

(5.1.4) = V <^> - “** 

Proceeding as in estimate °i Jgt * 
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1V1 JJ 

(5.1.5) I Jg(t). < - (So+EPS _ v ^ < , t e E. 

(5.1.4) and (5.1,5) complete the proof of (iii). 
Coro l lary 5.1.2. There holds 


(5.1.6) s n>m ((u-tr-\t) - (-i) m ^Yj/2 + o( T^i)/£ ),(n ~ °° } ’ 


where q wl (t) is a polynomial in t of degree < w-1 and 
q_ m+ i(t) > 0 on (A,B). The o-term holds uniformly with respect 
to t G K. 


Proof. Proceeding as in the proof of Corollary 3.1.2 and 
using Lemma 1.8.1 we obtain (5.1.6). 

Theorem 5.1.3. let 1 < p < °° and f 6 L . Then 

for any positive number l and sufficiently large values of n 


( 5 . 1 . 7 ) 


< M{| | f j I +n ll f ll >, 

yv yv 


M being a constant independent of n and f. 


Proof. A typical component of S n m (f,t) 



Jfei,A) 

1+| u-tj 


1 (“V (t-u- -f/b)) ^ f( u )> du - 

3=0 i=0 n / 


is of the type 


c / . v (nV^t-u)) 3 '* f(a)du = T^t), say, 

a HI +2 x 

* l+;U-t| 
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where I^t) = T 1 (t? j,r), 0 < 3 < m, 0 < r < j-l ani e is a scalar 
(when 3 = 0, r takes value * O’ only). Let x(u) be characteristic 
function of C a *>' b *H where a^ < a* < ag < bg < b* < b^. 

Using Jensen's inequality 

b 2 

f |I 1 (t)| p dt 

a 2 b 

< ,,ci p / / p (» 1/2 IM) (3 ' r)p l 43f ( u )l p 4u dt 

a 2 A ( 1+ 1 u— t J 0 ) 

_ |c| P n^~ r )p/ 2 {/ 2 / B | t-uj ^“ r A (u)[ p dudt 

H A (i+Kt| m ° + ) P ’ 



= J ^ + Jg » say • 

Applying Pubini' s theorem and Corollary 1.8.10 we have 
for large values of n 


( 5 . 1 . 8 ) J 1 <B 1 t|f|l 




10 estimate J gl we note that for some M Q > 0 there 

exists a c 0 such that for aLl t 6 I g and |u| > lt„ , 

l u— t j > c 0 |u[. 

, . f „ TO hich lie in (-K >^ n )\ C a j"* 3 H » 
Also, for those valies of u wmcn xx 0 t 0 \u 

z * -h*-b ). | u-t| > 6 « 
we have, with 6 = min (ag-a ,d -*V» » 1 - 
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Hence 


Jg = |c| p n (3" r W2 / {( r + J } Il-X(tt)jf(n t,u) 

% u|<M. iuf >M q ( 1 + ^ tl V^P 


[t-u|(j- r ^P| 4 j f( u )|P du}dt 


< |o| p n(3-r)p/2 / J x 

a 2 M<* 0 & s ^ (1+ | tt .t 1 V S y> 


X | t-u| ^ 3+2i-r )p | 4 i f ( a )|P du at 
b 2 

(5.1.9) + o|P ntj-^P/s: / f .(1-xiu)). W(,a.t,u) x 

aalW>M 0 (,Ju|) l V*”*» 

x|t-u|^+2«-l)P |A3 f(u)]P du dt 

Using Pubini’s theorem to interchange the integrals in u and t 
we obtain from (5.1.9) 

\ 

Jo < Mp n )p/ 2 { f f f(n,t,u)j t-u| (o +2S — r)p j &3f (u)jP dt du 

M<M 0 ^ 


+ S f 
I u l > M o a 2 


I t-u| ( 3 +2£ - r ^ I A 3f ( u ) | P dt du } 


u- 


(5.1.10) 


- J 2 1 + J 22 , say. 


Applying Corollary 1.8.10 we obtain 



< % 


n 


r*P 


l - 1 1 ? 


IpCA.Bl 



(5.1.11) 
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J 22 is estimated as follows. Let s > (j+2*-r)p be an even 
integer . Then, writing e = ( ;j + 2)Ur )p/ s , from Holder's 
inequality and (1.5.8) 


^2 

/ f(n,t,u)| u-t| (3+2£-r )p ^ 

b 2 b 2 

< (/ W(n,t,u)(u-t) s dt) 6 (/ W(n,t, u)dt j 1 ”® 

ag ag 

< (a(n)) 1_ “® (/ W(n,t ,u)(u-t) s dt) 6 * 

A B 

By Corollary 1.8.9, J w(n, t, u)(u-t) s dt is a polynomial in u of 


degree < s; hence 

B 


"liTTSfc+FJp ^ W(n,t,u)(u-t) s dt) 9 , as a function of u, is 
O h 


U 


bounded.. Moreover, Corollary 1.8.9 implies that 

B M, 


Tm 


u 


0 +&I+STp <{ W(n,t,u)(u-t) s dt) e < 


Therefore, 


J PP < Mj if* p ( / |A j f(u)| p du) 
^ 4 1 uj > M 


(5.1.12) < M b n' 11 ® |!f|l® 1 _ AjB;] - 

Collecting (5.1.8) to (5.1.12) we see that 


+ n 


I I "ill „ (i > 7 " 


L dU 2 ) 




)■ 
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Since T^t) is a typic a l component of S njm (f,t), the theorem 

follows from the above L -estimate of 1 (t). 

P 1 

X . J?, . ,1. 4 . let 1 < p < co and f s 1^ £ A,B^ . Then 
for some constant M 


5.1.13) |,S nim (f,t)|| 


Proof . Proceeding as in the above theorem with the 
characteristic function of £a*,b*3 replaced by characteristic 
function of [][A,B]]j, we prove (5.1.13), 


Theo rem 5. 1. 5 . 


let 1 < p < 00 and f e 1. Then 


(5.1.14) ||£(t)-S (f,t)|| =0(1), (n-~). 

n ’ m 1 (I p ) 

P C 

proof. We choose a sequence { f a ' } of continuous 
functions having a compact support c (A,B) such that 


(5.1.15) 
Then, 


f 0 (t)-f(t)|| = 0(1), (<!-*“). 

ipUP 


L oCg) 


* I .*>11 ( Ip) 


+ || fa (t)-£(t)|| 

2' P 2 


+ . l s n,m( f cr 

(5.1.16) = (l2 ) +l|j2(t)|| i p (i 2 ) +llJ3(t)l1 


L d U 2 ) 


,say* 
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By Theorem 5.1*3 we have -for any £ > o 


.P 

Then for a given G > 0 it follows from (5.1.15) that for large 
values of n and 0 


(5.1.17) l|J,(t)|| < e 

Ij p( I 2 ) "" 

and 


(5.1.18) | | Jg( t )| | < G« 

Therefore, to complete the proof of theorem we have to show now 
that 


, T < e. 

VV 

As before writing 

m „ j/2 j-1 - ^ 

2? c (t,u) = z { ( n (t-u-^ /S )) a 3 f 0 (u)> , 
j=0 t, ‘ i=0 n ' 

J,(t) = / W(n,t,u)(P. cr ( t,u)-f 0 (t)) du 
^ A 

_ / | u-t ( m ° + B a (t,u) du 

A 1+J u— 1 1 0 


(5.1.19) = J 31 (t) - JggCt)* Say * 

A typical component of J 3l (t) is of the type 

c n ^- r V 2 / B W(n,t,u)(t-u)^ r (&^(f a (u)-f 0 (t ))) du 

A , 

(because A* 5 f(t) = 0 as A acts on u-part only; 
a 
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= c ( i (i) (. dJ-b {A ( n,t,uKt-u)^ , 

s ~ u A ' 

x ( £ a C u + “ £ a( t )) du} 

(5.1.20) = o n(3- r V2 { jj ( D) (_ a >3-s £ {t))j sa y> 

s*~u ° 

where 0 < r < 3-1 and c = c(j,r) i s a scalar. 

We estimate E g as in the proof of theorem 3.1.4. Applying 
lemma 1 . 8.2 we obtain for a given g > 0 

l 2 s^l ^ M 2 n '(T-rT/’g + £)» t e V 

Thus 

(5.1.21) . |J 31 (t)| | <M^ (g + |). 

L p ( x 2 ) 

A typical component of J 32 (t) is of the type 

c. n^- r V 2 J — (u-t)^“ r | a-tl 0 f 0 (u) du 

± l + |u-t| 0 

= T(t), say. 

Since is bounded over (A,B), we have by Corollary 1.8.2 

M* 

l I(t) ! 1 Tvlj/S * 6 Iz * 

Hence the condition m < m Q implies that 

Mg 

(5.1.22) 1 1 J 32 (t J| (Io) i n r* 2 ) 7 S 1 |foll 0 [;A,B 3 ' 

Since e > 0 is arbitrary, the theorem follows from (5.1.16) to 

(5.1.22) . 
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2°£Siiar £ __5.1 I 6. let 1 < p < „ ma f e L Ihen 

JP 


(5.1.23) 


f(iO-S ( f ,t)| | • = o(l), (n - 

L p B»£l 


Proceeding as in the proof of Corollary 4.1.5, (5.1.23) 
follows from Corollary 5.1.4 and Theorem 5.1.5. 

5 .2 ERROR ESTIMATES m AND A DIRECT THEOREM 

* 

As in the case of the interpolatory modifications 

„(.,t) of Bernste in-Kantorovitch polynomials we show here 

that converges more rapidly for smoother functions 

in L -norm (1 < p < °°). We estimate rate of convergence in 
P 

1 -norm in terms of norms of derivatives of the function and 
P 

also in terms of an (mt-l)th integral modulus of smoothness of 
the function. Last result of this section is a Voronov ska j a 
type asymptotic formula for the operators S^ m (.,t), 

Theorem 5.2.1. Let 1 < p < « and f 6 1 „[>,bI 3 • If f 

, y 

has hh- 1 derivatives over 1^ with J G A.C.O^) and 


f (m+l) L (j ) then for sufficiently large values of n 
D 1 


(5.2.1) ||S nim (f,t)-f(t)|| 




< li fCBhl) H L (I j-J** 


xr 








where M is a const ant ( 
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^ 2 ° 1 ‘ • -the assumed hypothesis on f, for all t e I 

and u e 1^ we can write 

(5.S.8) f(u) = J q f^t) + 5 V/V-wf dw. 

t 

Let x(u) be the characteristic function of [>*,b*;] where 
a 1 < a* < a 2 < b 2 < b* < b ± . Then for t e L 

*<*.») 4 “ - *00 

A 1+ 1 u-t 1 0 


B 


= S° i(t,u )-f ( t ) )d u-f ( t ) / | u-tj 

A 1+1 u-t j 0 A 1+1 u-t I 0 

B (l-x(u)W(n,t ,u) 

— S (p(t,u)-f (t)) du 

A 1+ ; U-t | 0 

3 x(u) W(n,t,u) 3 w , + m +2 

/ — — -*--=r"rs; ”~(3( t,u)-f (t))du-f('t) f — • m'+o i u-tj du 


m +2 
o 


du 


A 


1+1 u-t 


m 0 +2 


A m n +21 

A 1+| U— tj ° 


(5.2.3) = J x (t) + J 2 (t) + J 3 (t), say. 

We first obtain a 1 -estimate of J 2 (t), It follows from 

P 

from (5.2.2) and (3.1.3) th a t for t e I g 

m j/2 j-l 4 

x(u)(B(t,u)-f(t)) = x ( u ) { .l Q *V’ ( ^ 0 * 

x{ A^(/ U ( u-w) m f^^Cw) dw)}} . 
t 
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i-l 

This implies that after writing n / + n i v . 

^ v t-u - * - ) m the summation 
1=0 n x / 4 

form and using identity 

43 h(u) = jo ( = K - 1)3 " Bh(u+ 

a typical component of J g (t) c a n be written as 

( j-r-k )/2 x ( u ^ W(n,t,u) • 

c n ,f J — m-+2 (^t) 3 r * 

A l+|u-t| 0 


U + 


* < f 

t 


nl7 ” 2 (u-w)“- k f(™- 1 \w)dw}aa 


= I 2 (t), say, 

where 2 g (t ) = Ig(t; j,r,s,k), 0 < 3 < m, 0 < r < 3-1, 0 < s < 3, 
0 < k < m and c is a scalar. 

We rewrite T 2 (t) as 

(i r k)/2 ^(u)W(n,t,u) ,\j-r 

(5.2.4) T ? (t) = c n U- r -*V 2 / — (u-t) 3 * 

A l+|u-t| 0 

/ U (u-w) m - k f (KH ’ 1) (w)dw + / n (u-w)^ k f (wl) (w)dw}du 
t , u 

= l 21 (t) + T 22 (t), say. 


Proposition 4 . 2.2 implies that 
( 5 .a. 5 ) ( , ^ < 


l p Ca*,b*l 
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Also, proceeding as in the estimate of 3* (t) in theorem 3.2.1 

we obtain a bound for Ig 2 (t) in this case; the only difference 
being that instead of applying the estimate 
-L 

/ K(n,t,u)| t-u| ^ dt < 

we use 

B /; Mp 

f w(n,t,u). u-t| ' 3 " p dt < 


which follows from Corollary 1.8.10. Thus for large values of n 


m; 


(5.2.6) - 


l|i (wl) || 


W 


It follows from (5.2.4), (5.2.5) and (5.2.6) that 








and hence 
(5.2.7) ||J 


. ^5 . ji f (BH-i)i 

z "Mx g ) 

P ^ 


Applying Corollary 1*8.2 

n 


for all t 6 Ig* Hence 
(5.2.8) |,2 3 (-)',L (I j* 


1 . 


Uhl 





Now 


T / j_ \ , B (l-x(u))W(n,t,u) 

' ~ { in +g“' 4u 

1+ j u-t j 0 


- f(t ) i 

A 


B (l~x(uJ)W(n,t,u) 


1+ | U—t | 


V 2 


du 


— J^i^^) — J ig(t), say . 

Let 6 = min (ag-a^b^-bg ) and £ be a fixed positive number. 

Then presence of the factor (l-x(u)), by Corollary 1.8.2, implies 
that 


|f (t)| 


B 


jJ l2 ( t ) , < f ( 1- x ( u. ) ) j u-t [ 2 £ W(n, t,u) du 


M’ 

< -~ |f(t)|, and hence 
" n z 


M 

To obtain a bound for j |J 11 | j we proceed as in 

L p^2 ' 

the proof of estimate of Jg in Theorem 5.1.3. 

We get 


m: 


" J ^ V i 2 )^ l|f|1 


L pO* B 3 


The L -bounds for J xl (t) and J^(t) give the corresponding 


lp-bound for J^(t) as 
(5.2.9) 


' d 1 


Jill — & 


M, 

< 4 ||f|| 


IpO-Bl 


" n 

follows from (5.2.3), (5.2.7), (5.2.8) ami 


The theorem now 
(5.2.9) upon taking * = (mt2)/2 in (5.2.9) 
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— ° i?3EL. 5 . 2 . 2 . Let A,B e l, 1 < p < <» aDd f e L p [A,B] , 
If f has hh- 1 derivatives over £a,B] with f e A.C. £a B“j 
( HH- 1 ) 

then for some constant M 


(5.8.10) | |S n>m (f,t)-f(t)| 


L p O» B I 


* J**TA [w[ l M ’ 


Pr oof . Proceeding as in the proof of above theorem and 
using second assertion (4.2.3) of Proposition 4.2,2 to obtain 
L -bound for the function Ig 1 (t) we can conplete the proof. 

Theorem 5.2.3. Let f e L^ CA.B3. If f has m derivatives 

over I 1 with f^ 1 ^ g A.C.(I 1 ) and f ^ e B.Y.(I 1 ), then for 
sufficiently large values' of n 


(5.2.11) I ;S n m (f,t)-f(t)|| 


ifUg) 

,(m) 


( y5.T775ll f “ ll B . T .(T) + ;'(^)/8l |f| l I r Ai B3 > ’ 


where M is a constant. 


Pro of. As in the proof of Theorem 5.2.1 we write 
(5.2.12) S (f,t)-f(t) = J^t) + J 2 (t) + J 3 (t), 

where J^t), J g (t) and Jg(t) are given by (5.2.3). 

Proceeding as in the case of L p -estimates (p > 1) of 
J^(t) and J 3 (t) we obtain 
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( 5 . 2 . 13 ) | | J 1 ' | and | «j I I 

L 1 ( i 2 ^ 3 


M 1 

L 1 (i 2 )-?^) 7 5ildl liCAiB3 . 


>(m) 


Now f 6 implies by Theorem 14 # l of £6lJ| 

that for all u e ^ aid for almost all t e I 

( 5 . 2 . 14 ) f(u) = 2 f ( 1 ) (t) + ij. /Vwf a f W(w). 

As in the proof of (i) of lemma 5.1.1, this implies that 
x(u.)(I'(t,u )— f ( t ) ) 

= iT x ( u ^ ^ 2 ”Ti ( n (‘fc-u. — T77>))(A 3 (/ (u-w) m df( m '(w))) > . 
3=0 *>* i=0 n 1 /^ t 


Putting this in the expression of Jg(t) in (5.2*3) we find that 
a typical term is of the type 


n ( j-r-k )/2 / 2<lW V.- “2 


1 1+ 11— i 


V 2 


u+ 


(t-u)**{/ 

t 


^ 2 ( u-w ) m ”' k df ^(w)}du 


= T 3 (t), say, 

where 0 < j < m, 0 < r < 3-I, 0<s<3, 0<k<mandcisa 
scalar. 


Phis is further decomposed into two parts 

, . . Wo B x(u) W(n,t ,u) :.h „ 

o n<3-^- k V 2 / 0. 1 A ; .. +jr 

1+1 u-tj 0 


l*(t) 


A 


u+ — 


x { / U (u-w) m " k df( m \w)+/ ^ (u-w)“"^f* m \w) > du 
+ u 


( 5 . 2 . 15 ) = l 31 (i) + % 2 ('b)» say. 
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By Proposition 4,2.5 


M. 


( 5 * £ - 16 ) ( 


B.V, [ a*, I d *3 


fo obtain a 1^-bound. for the function we proceed 

as in the proof of estimate of (t) of Theorem 3.2,1. Thus 

using adjoint moment estimates of S (,,t) given by 

Corollary 1.8.10 instead of adjoint moment estimates of p (,,t). 

n v f f 

for large values of n we obtain 


(5.2.17) | |T 32 (t)| | 


ffi 


< - 


l^Ig) ” n 


'2 i 1 f( m )| | 


Tm+1 j'/2 


B .7.(1.) 


Thus, (5.2.15), (5.2.16) and (5.2.17) imply that 


^(Ig) ~ ^ ^B.Y.(I 1 ) 


and hence 


M* 

(5.2.18) ls J i( t )|l L ^ ^i n '(nrt-l)/2 


|jf< m) 


> x ^ 2 j - B.Y.d^ 

The theorem follows from (5.2.12), (5.2.13) and (5.2.18). 

Corollary 5.2.4 . let A,B G Pi and f 6 l-£A,Bj. IP P 
has m derivatives over the set £a,B] with f 6 A.C.£a,b 3 
and f( m ^ e B.V,[>,B3 then for some constant M 


(5.2.19) | |S n ^ m (f ,t)-f(t)| 

{ .„ T 1 || f W|| 


< * i -j-siy/v : 11 " "b.t.[Ia,b3 




'•'''LiO.Bi 1 ’ 
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Proceeding a s in the proof of the above theorem 
and making use of (4.2.13) of Proposition 4.2.5 to obtain an 
1 -bound for f 31 (t) we obtain (5.2.19). 

Thep_rem_5._2.5_. Let 1 < p < oo a nd f e i £a,b 3 . Lhen, 
for all sufficiently large values of n, 

(5.8.20) ||S 

VV 

< M { Vl (f > n-1//8 >P> I l^ + "Tmh/Z ll f ll - 

n ■ L, pL A » ii J 

where M is a certain constant independent of n and f. 

Proof, with a* } b* as before and f^ being the Steklov 
mean of (m+l)th order corresponding to f(u), we have 


s m (f,t ) -f(t)|| < IIS (f-f n , wl ,t)| 

Lp(l 2 ) -“p v!£ ' 


+ I is. m ( tt mi 1 f ^ ^"ri _ m4- \ 


n,m v n jUM-l* y ri ,m+l v 1 ^ 


"p '-S4 ' P 

Applying Theorems 5. 1.3, 5,2.1 (p > 1) ard 5.2.3 (p=l) "to 'tbe 
first and second terms on the right hand side of the above 
inequality and upon taking a = (m+2)/2, for large values of n 
we obtain 


vv 




< Mi { | I 


LpO*>»n n 


+ - V 1 /V> i I f 


(mtl)|i + 

n,m+-l' L p j^a*,b*3 
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n 


TrS^T/S' 


f_f - - + “ T =JS i )/5l if 


J? 


Using the estimates (1.3.8), (1.3.3) and (1.3.4) of lemma 1.3.1 

— I/ 0 

8,nd bstLixig n xx wo ob*tctixi "fch© i*6su.li; # 

Theorem.5.8.6. let f e C* 1 with s u pp f c ^ 

.Tm+l Z^ 1 ^ J 


(5.8.80) S nim (f,t)-f(t)= ( ^ )! -W^ i 


+ o(— 


and 


n 


(eh-1 )J2 


(n - «>) 


(5.2.21) S njm+1 (f,t)-f(t) = °(-(j ^±J/2^ ( n ** °°)» 

uniformly in t e Ip where q^-^t) is as defined in 
Corollary 5.1.2. 

Proo f. Given that f is m+1 times continuously 
differentiable, we have for some 5 lying between u and t 


f (u) = ^ f^^t) + L^jj^L ( f (m+ 1 )( 5 )_f(nH- 1 )( t ^) i 


Applying the operator S„ _,.(., t) on both sides of the above 

XI ip Li 

identity and using (i) of .lemma 5.1.1, we obtain 
s n,m( f .n-£(t) = f(t)(S njm (l,t)-l) + £["-lt- t> 

+ — S n> 0 ((u-t) n+ 1 (f (iwl) ( 0 . f (»l) (t))>t) 


(5.2.22) = J x (t) + Jg(t) + J 3 (t), say. 
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By Corollary 1.8.2 for t e I. 


| u -t| 


m +2 
o 


h "m +2 

A l+|u-t| 0 


, B m +2 

< | ft | W(n,t,u) |u-t| 0 au} 

0(1^ A 

M 1 JL 

(5.2 .23) < -^5-Tg-)7>r < -T-rm-SJ/z ' 


Applying Corollary 5.1.2 to J g (t), we obtain 

(5.2.24) Jg(t) = f( ™" 1)(t) + ^"(i-D/S^^ * 

It remains to estimate J 3 (t), a typical component of which is 
of the type 

0 n ( 3-r-k)/2 / ( u .t) lwl+ 3- r - 1: (f( IW ' 1) (Eg) _ £(t ) ) au 

A l+|u-t| m ° + 


(5.2.25) = T(t), say, 

where 0 <j<m, 0<r< j-1, 0 < 3c < mtl, 0 < s < 3» 5 S lles 
between u + -fyg and t, and c is a scalar. 

let e > 0 be given. »e proceed as in the proof of Theorem 3.2.6 


to show that 


(5.2.26) 


M 9 / U 

(e + s ) - 


Since e > 0 is arbitrary, we 


find from (5.2.25) and (5.2.26) that 
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(5.2.27) J 3 (t) " .(»-». 

uniformly in t e L, 

Tli© first* assert ion of the theorem now follows from (5.2*22) 
(5.2.23), (5.2.24) and (5.2.27). 

Proceeding as in the proof of (5.2.20) and using (i) of 
lemma 5.1.1 

we obtain (5.2,21). 

5.3 INVERSE THEOREM 

‘ r. •\wm.yiM mmmmm 

In this section an inverse theorem for { S n m (.,t)> in 
1 -norm (1 < p < °°) is proved. 

Jr 

Th eorem 5.5.1. Let 0 < a < mi-1, 1 < p < °° and 

f G I n [A,B", Then 
P ~~ 

(5.3.1) . ;S r ..(l%t)-£(t)| = 0(n-“/ 2 ), . (n - °°) 

n,m IpUj.) 

implies that 

( 5.3.2) = 0(T a ), ( t- 0). 

The proof of the theorem mahes use of the following two 

lemmas which we prove first. 

Lenma J5 .3.2 • Let 1 < p < « and h 6 L p C • 2hen 
for any fixed positive number & and sufficiently large value of n 
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( 5 . 3 . 3 ) | l s n>m (t-“-t| *|h(u)| ,t)j | 

< M {n"V 2 | |h| | 


W 


T + n “Mmt _ >, 

V i } L P 1I^ B 3 


where M is a constant independent of n and h, 

b £,° 2£' A typical conponent of S ( j u-t| . j h(u)| ,t ) i s 
of the typ e 


( j+k-r-l )/2 f B W(n,t.u) ^i-r, ..k,, 

J — . S-J. £ (t-u) J |u-t|* h(u 
1+ 1 u-t | 0 


c n 


A. 


n 


1/2 ^ du 


= say, 

where T(t) = I(t; j,r,s,k), 

° < j < m, 0 < r < 3-1 (when j = 0, r = 0), 0 < s < j, k = 0 or 1, 
and c is a scalah . 

Let X(u) he characteristic function of Q a *,b*3 where 
< a* < ag < bg ^ ^ b^. Also let e = j+k-r-1. 

By Jensen’s inequality 

b 2 

/ |T(t)| p dt 
32 h 

< (loin 6 / 2 ) 5 / / — W^.\L |u--t/ 6+1 ^ 5 |h(u+ du dt 

*2 A (l+|o-t| ° f n/ 

, b 2 B x(u) |iwt|< 6+1 *> p 

= ( c|n e / 2 )P{/ / W(n,t,u){~-- ■ ¥ y r •• |b(u+ fy 2 )| + 

^2 A (l+|u-t| 0 f n 
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( l-x(u))j U-t J 

+ “ ---■ jh(u + s_)jP } dudt> 

(1+1 u-t | 0 f 

(5.3.4) — J ^ + Jg, say* 

It follows from the proof of estimates of and Jg of 
Theorem 5.1.3 that for any fixed positive number i and for 
sufficiently large values of n there holds 


J 1 < 




n 


-p/2 


11,1 ‘w 


and. 


The 


J 2 < M n~ £p ||h|| p 
81 \Ci.B3 

estimates of and Jg imply by (5.3.4) that 


< M^n" 1 / 2 ||h|j_ _ _ + n"* | lh|| 




V 1 *) W 

Hence, T(t) being a typical component, we obtain (5.3.3) 


} . 


Bor he 1 where 1 < p < °° and supp h cz (A,B), 

P 


we define 


B 


(5.3.5) S n m (h,t) = f W(n, t,u) * 


A 

XQ. i f ^ -j 

x { 2 n (t-u--f / f > )) h(u)} du 

j=0 3 l i=0 n 1 /^ 


Lem ma 5.3 .3. let 1 < p < °°, h e l‘pC^->®3 a ' n£ ^ 


supp h c Q a,bH| where A < a < b < B. Then 


(5 .3.6) Ca>0 <*- (BflV8 lWI , Cafb 3 ’ 

J? 




where M is a constant independent of n and h. 
Moreover, if h has nn-1 derivatives over £a,b3 with 

h^ m ^ e A.C. L a » b IJ h^ m+ ' 1 ’^ 8 f |Z a > t) I3 ^e 21 

XT 


(5.3.7) HS^ (h;t)1 , 


C a >^ 3 


L p L^l 


the constant M* is independent of n and h. 

Proof. As in the case of P^ m * 1 ^(h,t) in Lemma 3.3.3, a' 
typical component of h, t) is of the type 

r i /2 r l i + h Mi ( ) 

c n x { s n 1 1 { ^ 1 -A, , x 

M 5 i (pCt))- 1 ^ 

r h +r 9 

x i f W(n,t ,u)(u-t) x ^ A 6 h(u)du. }}} 

A 

= %(t), say, 

where 0 < k < m, 2 i^f 3 ^ < mn-l-k, k < r^ < m, k _< r^ £ r^, 

0 < rg < n^-k, r i“ r 2 = k, c is a scalar and a^(t) are the 
polynomials occuring in Lemma 1.8.3. 

Since p(t) is hounded over Ig, by Lerana 4.3,2 we obtain 


I !%(*)! I _ 


IpCa^Il 


(«ny 8 1Hi 

1 L pL a » fc J 


This proves (5.3.6). 

Next, writing 

b(u) » 2 L^~'P) X - h^ x \t) + if / (a^w) m h^ nH ‘ 1 \w) dw. 
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and operating by on both sides we get 

- |r s^vV-wr hC»i) ( w)dw, tj, 

"C 

since ^((u— t) ,t) =0, i= 0, m. 


As in Lemmas 3.3.3 and 4.3.3 a typical component of S^ a ^^^(h,t) 
can be represented by 


c n 


(mH-k )/ , \ 

( r i+r 4 -m)/2 1-+3- 1 ; B 

{ , z , n { (pctV' 1 - 11 if ff(n ’ t ’ u) ’ < 


x(u-t) Dl 2 l / nV (u-m) 4 ht IM ' 1 \w)aw } du } } } 
t 


1 1» 3 1 
r 3 

\l/2 


A 


= Tg(t) ,say, 

where ii»Di» r i » r 2 are as in T^t) and 0 < r 3 ,r 4 < m. 

Proceeding as in the proofs of estimates of Tg(t) and Tg(t) in 
Theorems 5,2.1 and 5.2.3 respectively, for the cases 1 < p < 00 
and p = 1, we obtain 




i p Ca,i>n 


< Jt, ||h< m+1) 


IpC^D 


This implies that 

s^Wni 


ipC a >^I] 


<M' ||h^n|| 




completing proof of (5.3.7), 
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Proof of Theorem 5.3.1. We choose points 2,3,4 

BUOh that &1 ' Xl ' b 2 < y i < V *i < -1 y 1+1 < y.. 

We choose a function g e with 

for * e 0 4 ,y 4 ;]. 


SUpp 


g c (x 3» y 3^ and g(t) = 1 


“ **••> ■ !„ •*’? $*-*->» ■« *«. . 
s » -/_*(», t A u) g ?ct(U)da 

^ 1_lI n 4-1 O 


1 +| u-t[ 


B 


/ W(n, t , u) i(t,u)du 
A 


B 


p W(n, t,u) , i m o +2 - 
^ "i+2 I u ~' fc l ^(tju) du 

A 1+ 1 u— 1 1 0 


(5.3.8) 


B 


— W(in, V+g l u -t| m ° + ?(t f u> du 

A 1 + 1 u— 1 1 0 


By (5.3.8), for sufficiently small positive values of y 

IK* 1 f(t)|| 


L pC x 3’ y 3l] 

< ||Af 1 {f(t)-S njm (f,t)}l| 


L pC x 3 »y3 3 


+ H 4 " 1 Vm^lL 




< llA^t^ti-S (f,t)J|| 







B 


+ || 4 r 1 { /-^>“^|u-t|V %- (tjU>lu)|1 
A i+|u-t| 0 


(5.3.9) - J^ + Jg + Jg» say. 


Proceeding as in the proof of Theorem 4,3.1 

J 2 < ’f™' 1 l|S^ 1) (f,t)|l 

L P t x 3 > y3 +(mfl)Y 3 

^ Y « tB ( W1 )/8 |iy n 




by lemma 5,3.3 where n > 0 is sufficiently small. 


This, in conjunction with the estimates (1.3.2) and (1.3,3), 
implies that 


(5.3.10) J 2 < Y mtl( n (^l)/ 2 + n“ (nH ’ l) )“ IlH . 1 (f»Ti,p,Cx 2 ,y 2 3 ), 

We obtain a bound for as follows. 

let 

T(t) = c n^“ r V 2 f B W ^ n ^^ u ^ 2 ]u-t[ m ° +2 (t-u)3- r ( a 3 f(u))du, 

^ l+[iutj ° 

where 0 < r < j-l and c is a scalar. 



6VD 


It follows from lemma 4.3.2 that 


|Jl(t)| 




< - 


ipCwt^DO ~ D (m ° +S;/B ” •■i p C^.y 3 D 


M, 


- ll f ll 


0 onsequently 

M* 

(5.3.11) J, < * 


^ 11*3.73! 


3 i- n (W 2 ;/g il f ll. 


L P C x 3»y3ll 

Thus, by (5.3.9), (5.3.10) ani (5.3.11), we obtain 
A^ 1 f(t)| 


(5.3.18) ' 1 ■ mfl " 


L p 11*3*73 3 


< ||A» 1 {f(t)-S n)m (f,t)}|| 


L pC x 3>y33 


+ «3 h-(» 2 V2 | |f 1 1 

x 3 * ^3 J 

low to complete the proof of the theorem, as in the case 
of the earlier inverse theorems in Chapters II, III ami IY, we 
are left to prove that 


(5.3.13) 1 |A^ X {f(t)-S njm (f,t)}|| 


L p[>3’ y 33 


= 0(n" a / 2 ),(n - «X 


We first prove (5.3.13) when a < 1-. 



Using (5,3.1) 




SpOs’^H 


< I |s(t) <S n>m (f,t)-f(t)>| | 


SC^g.ygH 


+ II s n ,m( f 


M' 


C x 3 ,y 33 


(5.3.14) <— /£+ 1 |S njm (f(u)(u-t)g , (c),t)| 


L pC x 3» y 3 3 


(where 5 lies between u. t). 

Proceeding as in the proof of lemma 5.3,2, for any fixed positive 
number i and large values of n 


l S n,m( f ( u )( u - t )B l ( S),t)| 


i„[> 3! y 3 3 


(5.3.15) < M 4 {IT 1 / 2 ! |f| | 


+ “ _1 ll f ll 


L P Og.ygD 




>. 


Combining (5.3.14) and (5,3.15) we obtain 


|S (fg,t)-(fg)(t)|l = 0(n" a / 2 ), (n - «), 


proving (5,3.13). 


Next, assuming that for some r < m, the theorem holds 
for those values of a satisfying r-1 < a < n, we show that this 
is also true when r < a < r+1. 



Using (5.3,1) 


(5.3.16) | |S (fg,t)-(fg)(t)|| 

mJ 

-~Z7Z + ll S n,m< f ( ll Xs(u)-g(t)),t)|| 

Now, 

ll s n > m( f ( u Xg(u)-g(t)),t)|| 

L pL>3>y 3 l 

- I l s n,mX n H .i( u )Xg( l O-g(i;)),t)| | 

(5*3.17) = ^3* sa, y* 

As in (5.3.15), for any fixed positive number £ 


J„ < M. 


4 


{ n -1 / 2 | |f-f 


n,nH-l 


L P c^. 


y a 3 


n“ e i-f 

n. 


BH-1 


II >• 

tp&.l 


Applying (1,3.3) and (1,3,4) to the right hand side of the above 
inequality and taking % = (bh-1)/2 


(5.3.18) J x < {n" 1 / 2 a)]w _ 1 (l, n ,p,[;x 11 y 1 3) 

+ n-^D / 2 [|f|| _ >. 

C 

By Theorem 5.2.6 and the estimate (1,3,4) 


M, 


( 5*3* 19 ) J rz K m > * \r' s I I f 1 I 

3 - n {»ij /2 imij. Ca>b;i . 

J? 

We can write for some £ lying between u and t 

= % ^ + 5r{V-w) m f^<w)dw} 

< V g^t) + g W (E ) , 

•*| "| *** * ill* 


ml 


* 2 -rr fi i l 1 (t)g^ m; (5)(u-t) EH ’ i } 


£ ± I r ^ ^ j B-H" l' 


m m-1 
+ ' { Z l 
i=l j=l 


g 


^ ^ \ f (i) 
i! 3 1 n ,mfl 


(t)(u-t) i+ 3 }} 


+ ir (u-^VV *) 11 f^iCwMw))} 

+ — * L -g {g^ m \c)(u-t) m {/ ( u-w) m i^j(w)iw}} 

(ml r t n,mfX 


— Jg ^^Cujt )+ Jg g(iijt) + Jg t Jg U-y f ) j say. 

Therefore , 

( 5 . 3 . 20 ) J g < J i l|S n)m (J 2 , i («.t).t)|| i 

As before a typical component of )»"fc) is 

of the type 
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0 n (3-r-s) / a / — V^<“- t ) i+3+m ~ r ' a g( m \e.) , 

A l+ju-tj 0 y 

= ®(t), say, 

where 1 < i < m, 0 < 3 < m, 0 < r < j-l, 0 < s < rni-i, € lies 
between u + ■ and t, and c is a scalar. 

Applying Corollary 1.8.2 


M 


and hence , 


IK, m< J 2,l( u < *)>*)![ 


L p C^.y s D 


(5.3.21) < M, { S _ 1. f IlfO) ,11 >, 

- 6 1=1 

From Lemmas 5 . 1.1 and 1.8.1, 


(5.3.22) i|S njm (J 2j2 (u,t),t)|| 




m m-1 .. 

< Mi ' { 2 I -r> 


1 


^ 1=1 3=1 

i+ 3 > m 

Next, we obtain l^-bounds for S n m (Jg^ 3 (a,t),t ) and 
S (Jo A (u,t),t ). We note that a typical component of 

S n,m(s (m) (0(u-t) k { / (u.w) m f ( n ^(w^w},t ) 



X 


is of the type 

0 n (e - k V2 / { (u-t.) e s ^\k ) 

A l+|u-t| 0 2 

r 2 

a+ ' 1/Sr r 

x (/ n (u-w+ ^g) 111 f i^j(w)dw)}du 


n 


(5.3.23) = T(t), say, 


where e = 0 < j < m, 0 < r ± < j-l, 0 < r 2 < 3,0 < r 3 < k, 

r 2 

? lies between u + • „-/*> and t and c is a scalar. 

2 n x /^ 

Let x(u) be the characteristic function of C x 2 ,y 2 3* Then, 
denoting tne expression inside the curly brackets in (5.3.23) by 
$ (t,u), 

B B 

T(t) = c n ( e_k V 2 {J x(u)$(t,u)durf -/ (l-x(u))*(t,u)du } , 

A A 

= Tg(t) + T ? (t), say, 


It follows from the estimate of Tg( t ) in Theorem 5.2.1 that 

l|,6(t)ll i[V 5 ] s 3»i»i')/6 r* 2 .y 8 ]’ 


It is easily seen that for any fixed positive number £ 


The Lp-bounds for Tg(t) and T ? (t) give the corresponding Lp-bound 
for the function T(t), which, in turn, implies that 
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(5.3.24) I l s n m (S E (0(u-tr * 


x (/ (u-w) m f ( “^(w)dw),t;|| v 


< Mo { 


(EH-l)i 


8 n (iH-k+D/2 H n ,m-lH L 


n* 11 n Xi^ £ A,lQ 


Therefore, it follows from (5.3.24) that 


(5.3.25) | l S n,m^ J 2,3( u, t)»t)| £^^2 


< Ml { y j-w 


? (m+l)i 


" 8 V* 1 "* C^li 


1_ | | f (DH-l) 

+ o l in .EH -1 


n> Win i[A,B] 


and that 


(5.3.26) l|S nim (J 2j4 (u,t),t)|| i ^ 


nJ -'>.“* in i Cx 2 ,y 2 3 

]? 


>(hh- 1) 


+ o^n 1. 


ining inequalities (5.3.21), (5.3.22), (5.3.25) and (5.3.26) 


Oomhimng 


see from (5.3.20) that 
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(5.3.27) Jg ^ ||t|£«|j 


L pC x 2>y2 1 


+ n dH.i)/s( J £ 1 l|f„, lw .il l i p [; X3) y 3 3 )+ 

Applying estimate (1.2.3) and after taking *. = eh- 1 we obtain 


(5.3.28) J 2 <^(- ( ^ T/£ Hf(^) 


L pC x 2 ,y 2l3 


+ ■ n (»'l'5/2ll f i"m-lll ] . r l3 ,y 3 ^ + n (*i)75lt f n ,iw-lll 


L p C x 3*y3l] 


.(ntf-l) 




Por sufficiently small n > 0 this by (1.3.2), (1.3.4) and (1.3.5), 
gives that 

(5.3.29) J 2 < Uio'-wi “,wl (£ >’ 1 >P'C x l>yiI] ) 


m 

n n 


(m+l‘)/2 ’ n »P*C x i*yiI] ) 


+ ( n (miY)/2>i n &i)ll £ ll^ CAjE:I >- 

The induction hypothesis and Corollary 1.3.4 imply that 

(5.3.30) w nH . 1 (f» T '»p»[I x i>y 1 3 ) = o( n ° 1 ” 1 )» ( n -* °)» 

and 

(5.3.31) %(f,*,p,[>i»yi 3 > = oc^ -1 )* (* - °)- 
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Finally it follows from (5.3.18), (5.3.19), (5.3.29), (5.3.30) 
and (5.3.31) after taking n = n -1 / 2 that 

M* 

(5.3.32) J^, Jg and Jg < r ' a yt> • 

Combining inequalities (5.3.16), (5.3.17) and (5.3.32) we see 
that (5.3.13) holds good in this case also. This completes the 
proof of the theorem. 

5.4 SATI]RATIOH_ THFDB.IM 

In this section we consider the saturation behaviour of 
the sequence {S n m (.,t)} of operators. She main result shows 
that these operators are saturated with the same order 

and the saturation and trivial classes, as has 
been the case with the operators P (.,t) , the only difference 

.XI y 1*1 

being that for P (,,t) the interval is (0,1) while it is (A,B) 

XI y Hi 

for the present operators. 

Theorem 5.4.1., let 1 < p < « and f G 1 i [A,B] . Then, 

“ Jr 

in the following statements, the implications 

»(i) ==> (ii) ==> (iii)« and «(iv) ==> (v) ==> (vi)» hold : 

(i) ||s n m (£,t)-f(t)|| = 0(n-t" H ' l) /2), (n - »); 

n,m LpCl].) 

(ii) f coincides a.e. on Ig with a function F having ml 
derivatives such that (a) when p > 1, P^ ^ G A.C.(Ig) 
and p(tttl) g L (I 2 ), (b) when p = l,p( m “ 1 ) e A.C.(I 2 ) 

and F^ G B.Y.Clg); 



(iii) 

i;s oc^n/ 2 ^ 

yv 

(n - co). 

(iO 

||s 0 (n-(»lV2), 

W 

(n -* °°)j 

(v) 

f coincides a.e. on Ig with a polynomial 

of degree m; 

(vi) 

ll s n I m<*.^<*>ll T , T . = .(n-t* 1 )/®), 

n '^3 ' 

(n -*■ °°). 


Mote. The implication «(ii) ==> (iii)" holds in view of 
Theorems 5.2.1 and 5.2.3 for the cases p > 1 and p = 1 
respectively. And »* (v ) ==> (vi)« follows from Theorem 5.2.6. 

In the proofs of the saturation Theorems 2.4.1, 3.4.1 
and 4.4.1 of the previous chapters the most important ingredients 
have been the inner product inequality lemmas 2.4.2, 3.4.2 ani 
4.4.2, respectively. Once such a lemma has been established 
the proof of theorem in the linear combinations case follows 
the pattern of Theorem 2.4.1 while the same in the interp olatory 
case runs parallel to that of Theorem 3.4,1. For this reason, as 
has been done in the case of Theorem 4.4.1, here also we restrict 
ourselves to proving the following corresponding inner product 
inequality lemma only. 

lemma 5.4.2 i let l<p<~andhe 1 [A,Bl where h 
has coup act support c (A,B). Further, let h have m derivatives 
with (m-l)th derivative absolutely continuous and the mth 
derivative belonging to 1 FAjB^. Ihen, for each bh- 1 times 

Jr 

continuously differentiable function g having a compact support 
inside (A,B) 



6 ID 


(5.4.1) j< S n>B (h,t>.h(t),g(t) >| 


< - ,=i 


(Sn';/S; { II r - + 11*11 r _ }, 

1 1 La,bJ l 1 Ca,b3 


being a constant independent of n and h. 


Proof. We have with 


m 3/2 3-1 

S(t,u) = i i 2 v < n (t-u- i )) 4 J h( a )) 
3=0 3. i=0 n l/2 “V 


as before, 


< S n.m( *»*)»£(*) > = f S (h,t)g(t) dt 

" A * L1 > m 


= { s njm (h,t)g(t) at - // x 

A A i+|u-t| 0 


m +2 

Ur-tJ P(t,u)g(t) du dt 


(5.4.2) 


J l"*^2 ® ^*^3^ * 


Since h has a compact support it follows as in the proof 
of estimate of in Theorem 5.3.1 that 


(5.4.3) 


1 J a i i ’ f.wn/9. I l h l i 


(-^■)/& " u " LiCAi b 3 


Using Pubini’s theorem we have 


B B 

J- = / f W(n, t, u) P(t, u)g(t) du dt 

1 A A 

B B 

= / / W(n,t,u) P(t,u)g(t) dt du. 

A A 



^ J-U 


»ritirg ^(u) = h(u) u e £4,53, wtere 

o < r < ffl as in the proof of Lemma 3.4.2 we have 

m B B 

<rf f / / W(n,t,u) x 

m 

* { 3 ^ 0 ”j!' V“))> 4t du}} 

1 m B B 

+ (m+i )! { ^J n { S f W(n,t,u)a k (t,u)(t-u- f ■ / p) m ' 1 x 
k?=u A A rA' c 

x {g^ \cjj-) h(u + -^^)} dt du } } 


(5.4.4) = 2 ip J 


l ^ « J ^ A oo V 

~ r * 1 r * * 

r=G x ‘ x > r 

where a k (t,u) is as defined in (3.4.3) and 5 lies between 
U ~T/(Z ar ^ 

It follows from (3.4.3) and Corollary 1.8,10 that 


IVl-t 

(5.4.5) < ■T-is.’D/g INI 


LiCA.Bj 


Using Bublni’s theorem we interchange the integrals in 
u and t in J ljr (r = l,2,...,m) to get 

B _ 

(5.4.6) J ljr =/ S n ^ m ((t-u) r h^( u) 5 1 ) dt. 

We can write 

(5.4.7) h c (u) = 2 • h£ kJ (t) 

r te=0 ** r 

+ v i r71 /Vwf- r aw. 
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It follows from (3.1.3), (5.3.6), (5.4.6) mi (5.4.7) that 


(5,4.8) J. 


= TiwO'! { S n>m ((t-u) r {/ a (u.w)”’ r h^ 1IH ' 1 - r) (w)aw},t) at. 

Since h^, has a compact support contained in (A,B), proceeding 
as in the proof of the estimate of Tg(t) in Theorem 5,2.3 we 
obtain the estimate 


(5.4.9) U 1(r i <- rw !)/Ell^ 1 - r) |! 


l i0.b3 


Using lemma 1.2.2 this is further hounded 


(5.4.10) [J 


i,rl < 


1 r -. + ll h IL _ >• 

l iL a »s3 u 1 [1a,b3 


Now we evaluate J 1 Q . Prom (5.4.4) we have 


m n D/2 3-1 

r-i r -11 / / 


J 1 0 = f { 2 { “V! ( n (t-u- T-m))A 3 h (u)>> dt du. 

X ’ A A 3=0 3 1 i=0 n 1 /^ 0 


3— 1 - . j— 1 d . 

Writing n (t-u--:^) = (t-u) 3 + 2 (t-u) 3 " 22 , 

i=0 n 1 /^ r=l n r /^ 


for some constants d . it follows from an application of 

3 > r 

Corollary 1.8.9 and Lemma 3.4.3 that 

m i/2 B B . 

J 1 n = Z {~.'y iff W(n,t,u)(t-u) 3 A 3 h(u)dtdu)}. 
X,U 3=0 3 * A A 

With P r (u,n) = P r (u), defined as in lemma 1.8.13, 



P r (u)(-u)3~ r ) h o ( u ) du }} # 
1*3.12, 1 *8 « 13 and 3.4.3, wit h 

jff -i 

(1 — n")~ ^ we obtain from above 

m j/2 j . B . . 

J l,0 = f „ “jV ( s ajJC f u.3 h (u)du) 

’ 3=0 J ' r=0 a 

B m j 

= (/ h (u)du) {2 (-if ( £ (3) (-l)3“ r o )} 

A 3=0 r=0 r ^ 

3 m _ m 

■ = (/ b (u)du) { 2 (-if ( 2 (j))a_} 

A ° r=0 j=r r ^ 

= (/ h 0 (u)du) { 2 (-l) r ("J) a_ } . 

A r=0 r+1 ^ 

Bext we put values of from (1.8. 11), to get 

B m , i r+1 *i/y -t 

J 0 = a(n)(/ b (u)du) { 2 (-if (^A) ( n (1 - “-F )> 

!> u A 0 r=0 r+x 3=2 n 

r+1 -w -j 

(where n (1 — i- )“ “ for r = 0 is interpreted as 1) 

3=2 

B m m-L.i ^+1 ict i 

= a(n)(l-|)(J* b (u)du) { 2 (-if (^)( H (l-—)’ )> 
n A r=0 3=1 

= a(n)(l-|)(/h 0 (u)du) B (I-#)' 1 )} 

x A r=l 3 =1 

= atnXl-IxAp^uxTc-lf- 1 ^ 1 ) C.n 

■ 1 A r=0 3=1 

B 

+ a(n)(l - | )(/ h Q (u)du). 


m 


1,0 


, n 3/2 B 3 , 

s { ll V ( s (3) 


3=0 


A r=0 


By an application of Lemmas 

r+1 

a = a(n) and a_ = a (n){ n 

3=2 



Finally, we apply Corollary 3.4.5 to the right hard side of the 
above expression, to get 

(5.4.11) J 10 = a(n)(l-g )(/ h o (u)du)(l+0( ■ », (n - 

A n t '2- 1+1 

Since (5.4.11) holds for every choice of h and g satisfying the 
hypothesis of the lemma, we deduce from this the following : 

(5.4.12) a(n) (1 - g) = 1 + 0(- (a - »). 

To show this we choose g e with supp gc Ig and g(t) = 1 

for t 6 Ig« Next we choose h G with supp h c:(A,B) and 

h(t) = 1 for t G 1^. Then, with x(t) as the characteristic 
function of Ig 



= / X(t) S n (h 0 ,t)dt + / B (l-x(t)) S (h 0 ,t) dt 
A A 

(5.4.13) = + Lg, say. 

It is easy to see that for any fixed positive number fc 

(5.4.14) I 2 = 0(n“ S '), (n -*■ °°). 

By Theorem 5.2.6 

bg 

Si = I V t)at + °C‘(lil)/'8 ) > (n ■* “ 5> 

ag n • 

= J® g(t)dt + 0(.. (i | 1)7 2), (n ■* °°). 

a g 11 


(5,4.15) 
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Thus (5.4.12) follows from (5.4.11) and estimate of J given 

X f u 

by (5.4.13), (5.4.14) and (5.4.15). 

Finally from (5.4.11) and (5.4.12) we obtain 

(5.4.16) = (/ h Q (u)du) (1 + 0 ^“(b* 1J/B'))'* ( n “* “)• 

The lemma now follows from (5.4.2), (5.4.3), (5.4.4), (5.4.5), 
(5.4.10) and (5.4.16). 

We may also note that the condition (1.5.9) is obtainable 
from (5.4.12) by taking limit as n - 

For the proofs of various saturation theorems in the 
thesis we have made use of the Euler-Maclaur in sum formula' 
or the dual operators. Corresponding proofs of saturation 
theorems for convolution operators or operators for which a 
commuting approximation process is available are relatively 
simpler, as the mollifier technique becomes available (see 
e.g., [[213 and £63]] )• In the case of convolutions the 
Fourier methods (see £ 2CQ ) are also applicable. In the non- 
commutative case Micchelli C473 developed the use of' semi- 
groups of operators (see CiO ), applied through limits of 
certain iterates of operators, to obtain the saturation results 
( see also £ 593 

' Regarding our proofs of inverse theorems the approach 
is essentially motivated by the work on interpolation spaces 
even though explicitly we have not used the notion of K- 
functionals (see e.g., i* 1 tlae thesis. 
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